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We present an expansion for the Chen series as a product of exponentials of the
members of a P. Hall basis multiplied by coefficients that have simple expressions as
iterated integrals. We then discuss the convergence properties of the expansion.

The idea of associating a formal power series in noncommutative indeterminates to a
control system has proven to be fruitful for many problems. The series (known as the ”Chen
series” in the work of M. Fliess and his coworkers) has a number of interesting properties,
such as the fact that it is an exponential of a Lie series. However, no simple expression is
known for the Lie series. The purpose of this note is to present a formula which expresses
the Chen series as a product of exponentials of the elements of a Philip Hall basis, multiplied
by coefficients that have very simple explicit expressions as iterated integrals of the controls.

Let X = {Xi : i ∈ I} be an indexed family of indeterminates. For a real number T ≥ 0,
let UT (I) denote the product of a family {Li : i ∈ I} of copies of the space L1([0, T ],R).
Final1y, let U(I) =

⋃
0≤T UT (I). The elements of U(I) are therefore indexed families

u = {ui(·) : i ∈ I} such that there is a T ≥ 0 (called the duration of u) with the property that
each ui(·) is a Lebesgue integrable real-valued function on [0, T ]. The set U(I) is a semigroup
with identity, with respect to the operation ? : U(I)×U(I)→ U(I) of concatenation. (The
concatenation u ? v of u = {ui(·) : i ∈ I}, with duration T , and v = {vi(·) : i ∈ I}, with
duration T ′, is the element w = {wj(·) : i ∈ I} of UT+T ′(I) given by wi(t) = ui(t) for
0 ≤ t ≤ T and wi(t) = vi(t− T ) for T < t < T + T ′.)

Let I(I) be the set of all finite sequences σ = (i1, . . . , ik) of elements of I, of arbitrary
length k. We use |σ| to denote the length of σ. (The empty sequence ∅ is included.) Also,
we use Ik(I) to denote the set of sequences of length k. For each σ ∈ I(I) we define the
monomial

(1) Xσ = Xi1Xi2 . . . Xik
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if σ = (i1, . . . , ik). (If σ = ∅, we let Xσ = 1.) The set of all formal linear combinations∑
σ∈I(I) aσXσ such that aσ ∈ R for all σ and aσ = 0 for all but finitely many σ′s is the

free associative algebra generated by X, and is denoted by A(X). The algebra of all formal
sums

∑
σ∈I(I) aσXσ, where the aσ are real numbers, is denoted by Â(X). If {Sj : j ∈ J} is

an indexed family of elements of Â(X), and each Sj is given by Sj =
∑
σ∈I(I) Sj,σXσ, then

the sum
∑
j∈J Sj will be said to be convergent if, for each σ, the set {j : Sj,σ 6= 0} is finite.

In that case, the sum of the series is a well defined element of Â(X). For a u ∈ U(I), given
by u = {ui(·) : i ∈ I}, with duration T , and a multiindex σ = (i1, . . . , ik) ∈ I(I), we define
the iterated integral

(2)

∫ t

0

uσ =

∫ t

0

∫ τ1

0

∫ τ2

0

. . .

∫ τk−1

0

ui1 (τ1)ui2 (τ2) . . . uik (τk) dτk . . . dτ1,

for 0 ≤ t ≤ T . We then associate with u the Â(X)-valued function Su on [0, T ] given by

(3) Su(t) =
∑
σ

(∫ t

0

uσ

)
Xσ∗

(Here, for σ = (i, . . . , ik), we use σ∗ to denote the reversed sequence (ik, . . . , i1). Also, we

let
∫ t
0
uσ = 1 if σ = ∅.) The series Su(T ) is the formal power series associated with u, and

will be denoted by Ser(u). The map Ser : U(I) → Â(X) is a semigroup homomorphism
from U(I) into Â(X), with respect to the operations of concatenation and multiplication,
respectively.

It is easy to see that the series-valued function Su is the solution of the differential
equation

(4) Ṡ(t) = S(t)

(∑
i∈I

ui(t)Xi

)

with initial condition S(0) = 1. From this it follows easily that, if u? denotes the element
{u?i (·) : i ∈ I} of UT (I) given by u?i (t) = −ui(T − t), then Ser(u) Ser (u?) = 1. In particular,
the image of U(I) under Ser is a group under multiplication. This group will be denoted
by G0(X). An important property of G0(X) is the inclusion G0(X) ⊆ G(X), where G(X)
is the set of exponential Lie series in the indeterminates X. Precisely, let L(X) denote the
Lie subalgebra of A(X) generated by the Xi. Then let L̂(X) denote the set of all elements
of Â(X) that are equal to a convergent sum

∑
j∈J Sj of elements of L(X). The elements of

L̂(X) are the Lie series in the indeterminates X. If S is any series in Â(X) whose constant
term (i.e. the coefficient of 1) vanishes (in particular if S ∈ L̂(X)), then the exponential
exp(S) is well-defined by the series

(5) exp(S) =

∞∑
n=0

1

n!
Sn.

The series of the form exp(S), S ∈ L̂(X), are the exponential Lie series. The Campbell-
Hausdorff formula implies that the exponential Lie series form group under multiplication,
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which will be denoted by G(X). There is a well defined logarithm map which assigns, to
every series S ∈ Â(X) whose constant term is equal to one, the series logS given by

(6) logS =

∞∑
n=1

(−1)n+1

n
(S − 1)n

The maps exp and log are inverses of each other. In particular, exp maps L̂(X) onto G(X),
and log maps G(X) onto L̂(X).

Since our goal is to get an expression for Ser(u) that exhibits its significant properties,
it is natural to write

(7) Ser(u) = exp(Z(u))

and seek an expression for Z(u). Moreover, an explicit expression for Z(u) can easily be
derived, since Z(u) = logS(u), and there is an explicit formula for the logarithm. The
resulting formula is

(8) Z(u) =

∞∑
n=1

∑
σ1∈I′(I)

· · ·
∑

σn∈I′(I)

(−1)n+1

n

(∫ T

0

uσ1

)
· · ·

(∫ T

0

uσn

)
Xσ∗1
· · ·Xσ∗n

·

(Here I ′(I) = I(I) − {∅}.) However, this expression is not very useful. (For instance, the
fact that Z(u) is a Lie series is not at all evident from (8).)

A slight simplification can be achieved by using the fact that Z(u) ∈ L̂(X). For each
monomial Xσ = Xi1 · · ·Xik , define [Xσ] by

(9) [Xσ] =
[
Xi1 ,

[
Xi2 ,

[
. . .
[
Xik−1

, Xik

]
· · ·
]]]

.

Then it can be proved that, if A =
∑
σ aσXσ happens to be a Lie series, then A =∑

σ
aσ
|σ| [Xσ]. In particular, this yields the formula

(10)

Z(u) =

∞∑
n=1

∑
σ1∈I′(I)

· · ·
∑

σn∈I′(I)

(−1)n+1

n(|σ1|+ · · ·+ |σn|)

(∫ T

0

uσ1

)
· · ·

(∫ T

0

uσn

)
[Xσ∗1

· · ·Xσ∗n
].

This formula is clearly better than (8), but it is still far from solving our problem, since the
Lie monomials that occur in (10) are not linearly independent, and there is no easy way to
single out a basis and write down the corresponding coefficients.

As an alternative to the above formulas for Ser(u) and Z(u), we propose to the write an
expression for Ser(u) as an infinite product of exponentials. First, we have to give a precise
definition of the infinite products. For any series S ∈ Â(X), let us use 〈S, σ〉 to denote the
coefficient of Xσ, so that S =

∑
〈S, σ〉Xσ. Let J be a set which is totally ordered by a

relation ≤. Let
{
Sj : j ∈ J

}
be a family of series in Â(X), indexed by j ∈ J . We define the

infinite product
←−∏
j∈JS

j by:

(11)
←−∏
j∈J

Sj =
∑

σ∈I(I)

PσXσ
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where

(12) Pσ =

∞∑
n=0

∑
j1∈J,...,jn∈J
j1>j2>···>jn

∑
σ1∈I′(I),...,σn∈I′(I)
σ1#σ2#···#σn=σ

〈Sj1 , σ1〉 · · · 〈Sjn , σn〉.

Here, if σ1, . . . , σn are in I(I), we use σ1# . . .#σn to denote the concatenation of σ1, σ2, . . .,
σn (so that Xσ1#σ2#···#σn = Xσ1Xσ2 · · ·Xσn ). If σ = ∅, then (12) implies that Pσ = 1. The

product is defined provided that: (i) all the Sj∅ are equal to 1, and (ii) for each σ there are only
finitely many choices of n, j1, . . . , jn, σ1, . . . , σn, such that j1 ∈ J, . . . , jn ∈ J , j1 > j2 > · · · >
jn, σ1 ∈ I ′(I), . . . , σn ∈ I ′(I), σ1# · · ·#σn = σ, and 〈Sj1 , σ1〉〈Sj2 , σ2〉 · · · 〈Sjn , σn〉 > 6= 0.

Next we have to define the concept of a P. Hall basis of L(X). First, we define the
set Br(X) of formal brackets in the indeterminates X. (This is essentially the same as the
magma generated by X.) Let A be the alphabet that consists of the Xi, the left and right
square brackets, and the comma. Then Br(X) is the smallest set Ω of words in the alphabet
A, such that (i) Xi ∈ Ω for all i ∈ I, and (ii) whenever α, β are two words that belong
to Ω, then the word “[α, β]” also belongs to Ω. Every formal bracket B ∈ Br(X) has a
well-defined degree deg(B), which is an integer ≥ 1. If deg(B) ≥ 2, then B can be written
in a unique way as [B1, B2], with B1 ∈ Br(X), B2 ∈ Br(X) The formal brackets B1,2B2

are called the left and right factors of B, and are denoted by λ(B) and ρ(B), respectively.
There is a mapping µ which associates with each B ∈ Br(X) an element of L(X). The
elements of L(X) of the form µ(B), B ∈ Br(X), are the Lie monomials in the Xi. (But
notice that: (a) the map µ is not one-to-one, and (b) the unique factorization is a property
of the formal brackets, not of the Lie monomials. For instance, if X and Y are two different
indeterminates, and we let B1 = [X, [Y, [X,Y ]]], B2 = [Y, [X, [X,Y ]]], then λ (B1) = X and
λ (B2) = Y . However, the Jacobi identity implies that µ (B1) = µ (B2).)

A Philip Hall basis of L(X) is a subset B of Br(X), totally ordered by a relation ≤, such
that:

(I) every Xi is in B,

(II) if B1 ∈ B, B2 ∈ B, and B1 ≤ B2, then deg (B1) ≤ deg (B2),

(III) if B ∈ Br(X) and deg(B) ≥ 2, so that B = [B1, B2] , B1 ∈ Br(X), B2 ∈ Br(X), then
B ∈ B if and only if: (a) B1 ∈ B and B2 ∈ B, (b) B1 < B2, and (c) either deg (B2) = 1
or λ (B2) ≤ B1.

If (B,≤) is a P. Hall basis of L(X), then it can be proved that µ is one to one on B, so that
B can also be regarded as a set of Lie monomials. When this is done, then B turns out to
be a basis of L(X) (cf. [1, 2, 3]).

We then have

Lemma. Let B be a P. Hall basis of L(X). Then:

(i) for every familly α = {αB : B ∈ B} of real numbers, the infinite product

(13)
←−
P B(α) =

←−−∏
B∈B

exp(αBB)

is defined,
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(ii) α→
←−
P B(α) is a bijection from RB onto G(X).

Proof. Let SB = exp (αBB). It is clear that
〈
SB , ∅

〉
= 1 for all B. Let σ = (i1, . . . , ik) ∈

I(I). Then σ ∈ I(F ) for some finite subset of I. If B ∈ Br(X), let supp(B) denote
the set of those i ∈ I that occur in B. (That is: supp (Xi) = {i}, and supp [B1, B2] =
supp (B1) ∪ supp (B2).) Then it is easy to show that, if B =

∑
τ∈I(I)BτXτ , then al1

the Xτ for which Bτ 6= 0 are such that supp(τ) = supp(B). (If τ = (τ1, . . . , τm), we
define supp(τ) = {τ1, . . . , τm}.) If α ∈ R, B ∈ Br(X), and α 6= 0, the series exp(αB)
also has the property that the only monomials Xτ of positive degree that can occur are
those for which supp(τ) = supp(B). If σ1, . . . , σn, B1, . . . , Bn are such that σi ∈ I ′(I),
Bi ∈ B, σ1# · · ·#σn = σ, B1 > B2 > · · · > Bn, and 〈Bi, σi〉 6= 0 for i = 1, . . . , n, then
supp(Bi) = supp (σi), and so supp (Bi) ⊆ F . Moreover, 1 ≤ deg (Bi) ≤ |σi| ≤ |σ|. Hence
n ≤ |σ|. Since there are only finitely many elements B of Br(X) such that supp(B) ⊆ F
and deg(B) ≤ |σ|, we conclude that the number of choices of n, σ1, . . . , σn, B1, . . . , Bn is

finite. So
←−
P B(α) is defined.

That
←−
P B(α) is an exponential Lie series follows easily from the Friedrichs criterion

(cf. Serre [2]). If S is an exponential Lie series, let S = exp(Z), Σ ∈ L̂(X). Write Z =
Z̃2+

∑
B∈B1

αBB, where B1 is the set of those B ∈ B such that: deg(B) = 1, and Z̃2 ∈ L̂(X)
contains no monomial of degree one. Then the Campbell-Hausdorff formula implies that

(14) exp(Z) ·

(←−−∏
B∈B1

exp(αBB)

)−1
= exp(Z2),

where Z2 contains no monomials of degree one. Suppose that we have defined the αB for
B ∈ Bk (where Bk = {B : B ∈ B, deg(B) ≤ k} ) such that

(15) exp(Z) ·

(←−−−∏
B∈Bk

exp (αBB)

)−1
= exp (Zk+1)

where Zk+1 contains no monomial of degree ≤ k. Then we let

Zk+1 = Z̃k+2 +
∑
B∈B

deg(B)=k+1

αBB,

where Z̃k+2 contains no monomials of degree ≤ k + 1. Then (15) holds, with a suitable
choice of Zk+2, if k is replaced by k+ 1. So the αB are defined for all B ∈ B, and (15) holds

for all k. From this it follows easily that S =
←−
P B(α).

Finally, we must show that the map α →
←−
P B(α) is injective. Let α, β be such that

←−
P B(α) =

←−
P B(β). Suppose that α 6= β. Let B∗ be the first element B of B such that

αB 6= βB . Then

(16)
←
Π
B∈B
B≥B∗

exp (αBB) =
←
Π
B∈B
B≥B∗

exp (βBB) .

The left side is equal to 1+Σ#αBB+S1, where the sum Σ# runs over those B ∈ B such that
B ≥ B∗ and deg(B) = deg (B∗), and S1 contains no monomials of degree ≤ 1 + deg (B∗).
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A similar expression holds for the right side of (16). So Σ#αBB = Σ#βBB. Since B is
a linearly independent set, we have αB∗ = βB∗ , which is a contradiction. Hence α = β, and
our proof is complete.

The lemma implies, in particular, that

(17) Ser(u) =
←−−∏
B∈B

exp(αB(u)B),

where the αB are real-valued functions on U(I), uniquely determined by (17). Our goal is
to exhibit an explicit formula for the αB(·) as iterated integrals. We shall associate with
each formal bracket B ∈ Br(X), and each u ∈ U(I), two functions CB(u), cB(u) defined on
the interval [0, T ] (if T is the duration of u). The function cB(u) will be in L1([0, T ],R),
and then CB(u) will be given by

(18) CB(u)(t) =

∫ t

0

CB(u)(s) ds.

The cB(u), CB(u) are defined as follows. Let u = {ui(·) : i ∈ I}. For B = Xi, we let
cB(u)(t) = ui(t), 0 ≤ t ≤ T , and then define CB(u) by (18). Assume that cB(u) and CB(u)
have been defined for all B ∈ Br(X) such that deg(B) < k, and let B ∈ Br(X) have degree
k + 1. Then B can be written in a unique way as (adB1)m(B2), with λ (B2) 6= B1, m ≥ 1.
(As usual, adP is the mapping Q→ [P,Q].) We then define

(19) cB(u) =
1

m!
CB1

(u)mcB2
(u)

and, again, we define CB(u) by (18). This completes the recursive definition of the cB(u),
CB(u). We then have:

Theorem. Let u ∈ U(I) have duration T . Let B be a P. Hall basis of L(X). Then

(20) Ser(u) =
←−−∏
B∈B

exp (CB(u)(T )B) .

Formula (20) is the desired product expansion.

Proof. Let σ ∈ I(I) and let F ⊆ I be finite and such that σ ∈ I(F ). Let uF =
{ui(·) : i ∈ F}, Let XF = {Xi : i ∈ F}, and let πF : Â(X)→ Â

(
XF
)

be the map that sends

Xi to Xi if i ∈ F , and to zero if i /∈ F . Then, if Q is any series in Â(X) the coefficients 〈Q, σ〉
and 〈πF (Q), σ〉 are equal. To prove that Xσ has the same coefficient in both sides of (20),
it suffices to show that the results of applying F to both sides of (20) are the same. But

πF (Ser(u)) = Ser
(
uF
)
, and πF

(←−∏
B∈B exp (CB(u)(T )B)

)
=
←−∏
B∈BF exp

(
CB
(
uF
)

(T )B
)

where BF is the set of those B ∈ B that only contain Xi’s that belong to F . Hence it suffices
to prove (20) when I is a finite set. From now on, we assume that I is finite.

Let B(k) = {B : B ∈ B,deg(B) = k}. Then each B(k) is a finite set. Since the total
order ≤ is such that B1 ≤ B2 implies deg (B1) ≤ deg (B2), the elements of B can be arranged
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in a sequence B1, B2, B3, . . . in such a way that B1 < B2 < B3 < . . .. We will construct, by
induction on j (for j = 0, 1, 2, . . .), a finite subset Fj of B, such that:

(a) card (Fj) = j,

(b) if we define, for a u ∈ U(I) of duration t, the Â(X)-valued function Sju, by

(21) Su(t) = Sju(t) ·
←−−∏
B∈Fj

exp

{(∫ t

0

cB(u)(s) ds

)
·B
}
, 0 ≤ t ≤ T

then Sju satisfies the differential equation

(22) Ṡju(t) = Sju(t) ·

 ∑
B∈Gj

cB(u)(t)B

 ,

together with the initial condition Sju(0) = 1, where Gj is a subset of B such that: (i)
B1 < B2 for all B1 ∈ Fj , B2 ∈ Gj , and (ii) if B∗j is the ≤-first element of Gj , then every
B ∈ Gj such that B 6= B∗j and deg(B) > 1 satisfies λ(B) ≤ B∗j

For j = 0, we let Fj = ∅, Gj = B(1), Sju(t) = Su(t). Then all the conditions are satisfied.
Now assume Fj has been constructed for a particular j, in such a way that (a) and (b) hold,
and let Gj , B

∗
j , Sju be as specified in (b). We define Fj+1 = Fj ∪

{
B∗j
}

. Since B∗j ∈ Gj , we
have B∗j > B for every B ∈ Fj . In particular, B∗j /∈ Fj , and so card (Fj+1) = j + 1. The

series Sj+1
u (t) then satisfies:

(23) Sju(t) = Sj+1
u (t) · exp

{(∫ t

0

cB∗j (u)(s) ds

)
B∗j

}
.

Then

(24) Ṡju(t) = Sju(t) · cB∗j (u)(t)B∗j + Ṡj+1
u (t) exp

{(∫ t

0

cB∗j (u)(s) ds

)
B∗j

}
,

so that

(25) Sju(t)

 ∑
B∈Gj
B 6=B∗j

cB(u)(t)B

 = Ṡj+1
u (t) exp

(
CB∗j (u)(t)B∗j

)

and then

(26) Ṡj+1
u (t) = Sj+1

u (t) ·Dj
u(t)

where

(27) Dj
u(t) = exp

(
CB∗j (u)(t)B∗j

)
·

 ∑
B∈Gj
B 6=B∗j

cB(u)(t)B

 · exp
(
−CB∗j (u)(t)B∗j

)
.
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Then

(28) Dj
u(t) =

∞∑
m=0

∑
B∈Gj
B 6=B∗j

1

m!

{
CB∗j (u)(t)

}m
cB(u)(t)Em,B ,

where

(29) Em,B =
(
adB∗j

)m
(B).

The brackets Em,B , for B ∈ Gj , B 6= B∗j , and m = {0, 1, . . .}, are in B. This is clear for

m = 0, because Gj ⊆ B. For m = 1, Em,B is the bracket
[
B∗j , B

]
. Both B∗j and B are in

B. Moreover, B∗j < B, because B∗j was the ≤-first element of Gj . Finally, the inductive
assumption (item (ii) of (b)) tells us that, if deg(B) > 1, then the left factor of B satisfies
λ(B) ≤ B∗j . Hence the definition of the P. Hall basis shows that Em,B ∈ B. Assume that

Em,B ∈ B for some m ≥ 1. Then Em+1,B =
[
B∗j , Em,B

]
, and both B∗j and Em,B are in B.

Moreover, deg
(
B∗j
)
< deg (Em,B), and so B∗j < Em,B . Finally, the left factor of Em,B is

B∗j , and so λ (Em,B) ≤ B∗j . So Em+1,B ∈ B. This establishes that Em,B ∈ B for all m and

all B ∈ Gj −
{
B∗j
}

.
Next we show that the Em,B are all different, i.e. that Em,B cannot be equal to Em′,B′

unless m = m′ and B = B′. To see this, notice that each B′ ∈ Br(X) can be written in a
unique way as (adB1)

m
(B2), for some m,B1, B2 such that B1 6= B2. (We let B1 = λ (B′);

then we define Hi,Ki by H1 = B1, K1 = B2, H
i+1 = λ

(
Ki
)
,Ki+1 = ρ

(
Ki
)
. The integer

m is then the first i such that Hi 6= Hi+1, and B2 can then be recovered, since B2 = Km.)
If we apply this when B′ = Em,B , we see that m and B can be recovered from Em,B . Since
the Em,B are all different, and the coefficient of Em,B in (28) is obviously cEm,B (u)(t), we
can rewrite (28) as

(30) Dj
u(t) =

∑
B∈Gj+1

cB(u)(t)B

where Gj+1 is the set whose elements are the Em,B . We must now show that Fj+1, Gj+1

satisfy conditions (i), (ii) of (b). Let B1 ∈ Fj+1, B2 ∈ Gj+1. Then B2 = Em,B for some m
and some B ∈ Gj , B 6= B∗j . If m = 0, then B > B∗j because B∗j is the ≤-first element of

Gj . So B2 > B∗j . If m > 0, then λ (B2) = B∗j , and so deg (B2) > deg
(
B∗j
)
, and therefore

B2 > B∗j . In either case we have shown that B2 > B∗j . If B1 = B∗j , then B2 > B1. If
B1 ∈ Fj , then B2 > B1 as well, because B∗j ∈ Gj and so B1 < B∗j . So (i) holds. We
now prove (ii). Let B∗j+1 be the ≤-first element of Gj+1. Let B ∈ Gj+1, B 6= B∗j+1. Then
B = Em,B′ for some m and some B′ ∈ Gj . Assume that deg(B) > 1. If m = 0, then
B = B′, and so B ∈ Gj and deg(B) > 1. Therefore λ(B) ≤ B∗j by the inductive hypothesis.
If m > 0, then λ(B) = B∗j , and so λ(B) ≤ B∗j as well. So λ(B) ≤ B∗j in either case. Since
B∗j < B∗j+1, we see that λ(B) ≤ B∗j+1, and the induction is complete.

So we have completed the inductive construction of the Fj . The construction shows that
each Fj+1 is obtained from Fj by adjoining an element B∗j of B which does not belong to Fj
and satisfies B∗j > B for all B ∈ Fj . If we let Bj = B∗j−1, we see that the Bj are elements
of B that satisfy B1 < B2 < B3 < · · · , and Fj = {B1, B2, . . . , Bj}. Then (21) becomes

(31) Su(t) = Sju(t) · P ju(t)

8



where

(32) P ju(t) =
←−−−∏
i≤i≤j

exp (CBi(u)(t)Bi) .

If we let δj = deg
(
B∗j
)
, it is clear that Sju(t) = 1 + Qju(t), where Qju(t) contains no

monomials of degree < δj . Let R0
u(t) = P 1

u(t), and Rju(t) = P j+1
u (t) − P ju(t) for j ≥ 1.

Then Rju = QjuP
j
u − Qj+1

u P j+1
u , so that Rju(t) only contains monomials of degree ≥ δj .

Since δj → ∞ as j → ∞, the sum
∑∞
j=0R

j
u(t) converges, and so the infinite product

←−∏
1≤i<∞ exp (CBi(u)(t)Bi) converges as well. Since

(33) Su(t) = P ju(t) +Qju(t)P ju(t),

we see that the coefficients of Su(t) and P ju(t) agree up to degree δj − 1. Therefore

(34) Su(t) =
←−−−−∏
1≤i<∞

exp (CBi(u)(t)Bi)

Equivalently, we have

(35) Su(t) =
←−−∏
B∈F

exp (CB(u)(t)B)

where F is the set whose elements are B1, B2, . . ., ordered by the restriction of ≤ to F .
To complete our proof, we must show that F = B. This can be established in a number

of ways. We choose to use the Poincaré-Birkhoff-Witt theorem, according to which the
elements of A(X) that are of the form

(36) Bm1
1 Bm2

2 . . . Bmkk

with B1, . . . , Bk in B, and B1 > B2 > . . . > Bk, form a basis of A(X). Let H denote
the linear span of the elements of the form (36) that are such that B1, . . . , Bk are in F . If
F 6= B, then H is a proper subspace of A(X). We show that H = A(X). Fix a multiindex
σ = (i1, . . . , ir) ∈ I(I). Let Ar(X) be the quotient algebra obtained by setting all monomials
of degree > r equal to zero, and let πr : A(X) → Ar(X) be the canonical homomorphism.
We can also regard Ar(X) as a linear subspace of A(X). Let Hr = H ∩ Ar(X). It is clear
from (35) that πr (Su(t)) ∈ Hr for every u, t. In particular, the product

(37) πr (exp (t1Xi1) . . . exp (trXir ))

belongs to Hr for every t1, . . . , tr. If we differentiate (37) with respect to t1, t2, . . . , tr and
then set t1 = . . . = tr = 0, we find that Xσ ∈ Hr. So Xσ ∈ H. Since σ was arbitrary, we
conclude that H = A(X). So F = B and our proof is complete.

We now turn to the question of the convergence of the product expansion.
Formula (19) makes it possible to prove bounds for the coefficients CB(u)(t). Assume

that I is a finite set. For a u ∈ U(I) with duration T , let u = {ui(·) : i ∈ I}, and define

hu(t) = max {|ui(t)| : i ∈ I} , Hu(t) =
∫ t
0
hu(s) ds. Then an easy induction gives the bounds

(38) |cB(u)(t)| ≤ Hu(t)(degB)−1h(t)

9



and then

(39) |CB(u)(t)| ≤ Hu(t)degB

degB
.

These bounds are sufficient to prove that the product expansion (20) converges in a slightly
stronger sense. Suppose that A = {Ai : i ∈ I} are square n× n matrices or, more generally,
bounded operators on some Banach space. Let M be an upper bound for the operator
norms ‖Ai‖ , i ∈ I. For each bracket B ∈ Br(X), let BA denote the operator obtained by
substituting the Ai for the Xi in B. Then ‖BA‖ ≤ 2(degB)−1MdegB for all B. For a given
n, there are at most νn elements of B of degree n. Hence the series

(40)
∑
B

CB(u)(t)BA

converges absolutely and uniformly on every interval 0 ≤ t ≤ t̄ such that

(41)

∞∑
n=0

1

n
νn2n−1Mn(Hu(t̄))n <∞.

In particular, the series (40) converges on [0, t̄] if 2MνHu(t̄) < 1. Since the ui(·) are
integrable, (40) converges, for each u, on some interval [0, t̄], t̄ > 0.

On the other hand, it is easy to see that, whenever (40) converges absolutely, the infinite
product

∏
B∈B exp(CB(u)(t)BA) converges as well. So, for every choice of the Ai, and every

u, the infinite product converges for sufficiently small times (or. for a fixed time interval
[0, t̄], for sufficiently small controls u, the smallness being measured by the L1 norm).

The presence of a factorial in (19) might be regarded as an indication that (39) is not
the best possible bound for the CB(u), and that perhaps the CB(u) decrease faster than
geometrically, and the series actually converges for all u and all times. We show that this is
not so by means of an example.

In order to construct our example, we take a set I that has two elements, and let X,Y
denote the two indeterminates. We let B be an arbitrary P. Hall basis of L(X). We take
u ∈ U(I) such that both functions ui(·) are identically equal to one. Then the functions
cx, cy are equal to 1. An easy induction shows that, for each B ∈ Br(X), the coefficient
cB(t) is given by

(42) cB(t) =
tdegB−1

AB

where AB is a positive constant. The constants AB can be computed recursively by the
formula

(43) AB = AmB1
nm1 m!AB2 ,

valid if B = (adB1)mB2, λ(B2) 6= B1, and ni = degBi for i = 1, 2.
For n ≥ 1, we let αn denote the smallest of the AB , for all B ∈ B such that degB = n.

We will prove that the upper bound

(44) αn ≤ Kγn
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holds for some K > 0, γ > 0. This implies that we can choose a sequence B1, B2, B3, . . . of

elements of B, with deg Bn = n, such that the coefficients cBn(t) satisfy cBn(t) ≥ γ−ntn−1

K ,

so that CBn(t) ≥ 1
nK

(
t
γ

)n
. Therefore, the series

∑
n CBn(t) does not converge if t > γ.

To prove the bound (44) we begin by defining, for k = 2, 3, 4, . . ., a set Sk of three
elements of B of degree 2k. We start by letting S2 be the set whose elements are the three
members of B that have degree 4 (i.e. [X, [X, [X,Y ]]], [Y, [X, [X,Y ]]] and [Y, [Y, [X,Y ]]]).
If Sk has been defined, we let Sk+1 consist of the three brackets of the form [B,B′] with
B ∈ Sk, B′ ∈ Sk, B < B′. It is clear that Sk+1 ⊆ B. Next we let βk denote the maximum
of the constants AB for B ∈ Sk. If B ∈ Sk+1, we can write

(45) B = [B′, B′′], B′ ∈ Sk, B′′ ∈ Sk.

Since degB′ = degB′′, the left factor of B′′ cannot be equal to B′. Hence

(46) AB = AB′AB′′2
k.

Therefore,

(47) βk+1 ≤ 2kβ2
k.

Then

(48) log βk+1 ≤ 2 log βk + k log 2.

Let θk = 2−k log βk. Then

(49) θk+1 ≤ θk + 2−k−1k log 2

Therefore

(50) θk ≤ θ2 +

k−1∑
j=2

2−j−1j log 2.

since the series
∑
j 2−j−1j log 2 converges, there is a constant η such that θk ≤ η for all k.

So log βk ≤ η2k, and then βk ≤ exp
(
η2k
)

for all k. So, if we let γ = en, we see that

(51) βk ≤ γ2
k

for k = 2, 3, . . . .

Since α2k ≤ βk, we conclude that αn ≤ γn for all n that are of the form 2k, k = 2, 3, . . .. By
taking a larger γ, if necessary, we can assume that the inequality also holds for k = 0, 1. So
we have proved the desired bound, except for the fact that, so far, only values of n of the
form 2k have been considered.

In order to extend the bound (44) to arbitrary values of n, we pick an n and express it
as

(52) n = 2k + ε12k−1 + ε22k−2 + . . .+ εk−12 + εk
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where each εj is either 0 or 1. We pick a B ∈ Sk and modify it by suitable insertions to get

an element of B that has degree n. Write B = [B#
1 , B2], where B#

1 ∈ Sk−1, B2 ∈ Sk−1 and

B#
1 < B2. If ε1 = 1, let B∗1 = [B#

1 , [B
#
1 , B2]]. Then

(53) AB∗1 = 2A2
B#

1

AB2
2k−1 ≤ 2kβ3

k−1

and so

(54) AB∗1 ≤ 2kγ3·2
k−1

= 2kγ2
k+ε12

k−1

.

If ε1 = 0, define B∗1 = B. Then it is clear that (54) holds in this case as well.
We now have

(55) B∗1 =
(

adB#
1

)ε1+1

(B2) .

Write B2 = [B#
2 , B3], where B#

2 and B3 are in Sk−2. Define

(56) B∗2 =
(

adB#
1

)ε1+1 (
adB#

2

)ε2+1

(B3) .

If ε2 = 1, then

(57) AB∗2 = 2AB#
2

2k−2AB∗1 ,

so that

(58) AB∗2 ≤ 2k−1βk−22kγ2
k+ε12

k−1

and then

(59) AB∗2 ≤ 2k2k−1γ2
k+ε12

k−1+ε22
k−2

.

If ε2 = 0 then (59) holds as well.
This procedure can be continued, until we get an element B∗k−2 of degree 2k + ε12k−1 +

. . .+ 4εk−2 which satisfies

(60) AB∗k−2
≤ 2k2k−1 · · · 23γ2

k+ε12
k−1+...+4εk−2

and is of the form (adB#
1 )ε1+1 · · · (adB#

k−2)εk−2+1 (Bk−1), where Bk−1 ∈ S2. Let ν =

2εk−1 + εk. Then Bk−1 = (adZ)λ(adX)µ(Y ), where either µ = 1, λ = 1 and Z = [X,Y ],
or Z = Y , µ ≥ 1, and µ + λ = 3. Define B̃ = (adZ)λ(adX)µ+ν(Y ), and then let

(adB#
1 )ε1+1 · · · (adB#

k−2)εk−2+1
(
B̃
)

. Then B∗ ∈ B, degB∗ = n, and

(61) AB∗ =
(µ+ ν)!

µ!
AB∗k−2

.

Since 1 ≤ µ ≤ 3 and 0 ≤ ν ≤ 3, we have AB∗ ≤ 120AB∗k−2
. Hence

(62) AB∗ ≤ 15× 21+2+...+k × γn
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so that

(63) AB∗ ≤ 15× 2
1
2k(k+1) × γn

Since 2k+1 > n ≥ 2k, we have

(64) AB∗ ≤ 15n
1
2 (k+1)γn

and then

(65) AB∗ ≤ 15n
1
2+σ lognγn,

where σ = 1
2 log 2 · Clearly,

(66) 15n
1
2+σ logn ≤ Keρn

for some K, ρ that do not depend on n. Hence, if we replace γ by eργ, we get

AB∗ ≤ Kγn.

So αn ≤ Kγn, and (44) is proved.
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[3] Viennot, G., Algèbres de Lie libres et monoides libres. Springer Verlag, 1978.

13


