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We present an expansion for the Chen series as a product of exponentials of the
members of a P. Hall basis multiplied by coefficients that have simple expressions as
iterated integrals. We then discuss the convergence properties of the expansion.

The idea of associating a formal power series in noncommutative indeterminates to a
control system has proven to be fruitful for many problems. The series (known as the ” Chen
series” in the work of M. Fliess and his coworkers) has a number of interesting properties,
such as the fact that it is an exponential of a Lie series. However, no simple expression is
known for the Lie series. The purpose of this note is to present a formula which expresses
the Chen series as a product of exponentials of the elements of a Philip Hall basis, multiplied
by coefficients that have very simple explicit expressions as iterated integrals of the controls.

Let X = {X; : i € I} be an indexed family of indeterminates. For a real number T' > 0,
let Ur(I) denote the product of a family {L; :i € I} of copies of the space L([0,T],R).
Finally, let U(I) = Uy<y Ur(I). The elements of U(I) are therefore indexed families
u = {u;(-) : i € I} such that there is a T" > 0 (called the duration of u) with the property that
each u;(+) is a Lebesgue integrable real-valued function on [0,T]. The set U([) is a semigroup
with identity, with respect to the operation  : U(I) x U(I) — U(I) of concatenation. (The
concatenation u x v of u = {w;(-) : ¢ € I'}, with duration T, and v = {v;(-) : i € I}, with
duration 7", is the element w = {w;(:):¢ € I'} of Upyr/(I) given by w;(t) = w;(t) for
0<t<Tand wi(t)=v;(t—T)for T<t<T+T.)

Let Z(I) be the set of all finite sequences o = (i1, ...,i) of elements of I, of arbitrary
length k. We use |o| to denote the length of . (The empty sequence () is included.) Also,
we use Z(I) to denote the set of sequences of length k. For each o € Z(I) we define the
monomial
(1) X, = X0, X, .. X,

k
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if 0 = (i1,...,ix). (If 0 = 0, we let X, = 1.) The set of all formal linear combinations
ZUGI(I) ay X, such that a, € R for all o and a, = 0 for all but finitely many ¢’s is the
free associative algebra generated by X, and is denoted by A(X). The algebra of all formal
SUS -, c7(7) @o X0, Where the a, are real numbers, is denoted by A(X). If {S; : j € J} is
an indexed family of elements of A(X), and each S; is given by S; = ZJGI(I) S0 Xo, then
the sum . ; S; will be said to be convergent if, for each o, the set {j : S, # 0} is finite.
In that case, the sum of the series is a well defined element of A(i) For a w € U(I), given
by u = {u;(-) : i € I}, with duration 7', and a multiindex o = (iy,...,i;) € Z(I), we define
the iterated integral

t t T T2 Thk—1
(2) / Uy :/ / / / wiy (71) Wiy (12) -« owgy, (13) d7ge ... d7,
0 o Jo Jo 0

for 0 <t < T. We then associate with u the A(K)—valued function S, on [0, 7] given by

(3) Su) =Y (/Ot ug> X,.

o

(Here, for o = (i,...,1x), we use o* to denote the reversed sequence (ig,...,i1). Also, we
let fot uy = 11if 0 = (.) The series S, (T) is the formal power series associated with u, and

will be denoted by Ser(u). The map Ser : U(I) — A(X) is a semigroup homomorphism
from U(I) into A(X), with respect to the operations of concatenation and multiplication,
respectively.

It is easy to see that the series-valued function S, is the solution of the differential
equation

(4) S(t) = 5(1) <Z ui(t)Xz)

with initial condition S(0) = 1. From this it follows easily that, if u* denotes the element
{uf(:):i €I} of Up(I) given by u}(t) = —u;(T —t), then Ser(u) Ser (v*) = 1. In particular,
the image of U(I) under Ser is a group under multiplication. This group will be denoted
by Go(X). An important property of Go(X) is the inclusion Go(X) C G(X), where G(X)
is the set of exponential Lie series in the indeterminates X. Precisely, let L(X) denote the
Lie subalgebra of A(X) generated by the X;. Then let L(X) denote the set of all elements
of A(X) that are equal to a convergent sum > jes S of elements of L(X). The elements of

L(X) are the Lie series in the indeterminates X. If S is any series in A(X) whose constant
term (i.e. the coefficient of 1) vanishes (in partlcular if S € L(X)), then the exponential
exp(S) is well-defined by the series

(5) oa(s) =3 S Lo

The series of the form exp(S), S € L(X), are the exponential Lie series. The Campbell-
Hausdorff formula implies that the exponential Lie series form group under multiplication,



which will be denoted by G(X). There is a well defined logarithm map which assigns, to
every series S € A(X) whose constant term is equal to one, the series log S given by

n+1

(6) log § = Z -

The maps exp and log are inverses of each other. In particular, exp maps IA/(K ) onto G(X),
and log maps G(X) onto L(X).

Since our goal is to get an expression for Ser(u) that exhibits its significant properties,
it is natural to write

(7) Ser(u) = exp(Z(u))

and seek an expression for Z(u). Moreover, an explicit expression for Z(u) can easily be
derived, since Z(u) = log S(u), and there is an explicit formula for the logarithm. The
resulting formula is

®) Y Y Y H;“(/ﬂ)(/:u);cx

n=1¢,€Z'(I) on,eT'(I)

(Here Z'(I) = Z(I) — {0}.) However, this expression is not very useful. (For instance, the
fact that Z(u) is a Lie series is not at all evident from (8).)

A slight simplification can be achieved by using the fact that Z(u) € L(X). For each
monomial X, = X;, --- X, , define [X,] by

%)

(9) [(Xo] = [Xins [Xis [ [y X ] - ]]]

Then it can be proved that, if A = )" _a,X, happens to be a Lie series, then A =
Y o = [X,]. In particular, this yields the formula

(10)'0‘
g § Z ( 1)n+1 T N ) N
oy Mloal+ - 4 lowl) </o um) (/0 ") [Xop -+ Xoz].

n=lo,€Z/(I) oneZ’(

This formula is clearly better than (8), but it is still far from solving our problem, since the
Lie monomials that occur in (10) are not linearly independent, and there is no easy way to
single out a basis and write down the corresponding coefficients.

As an alternative to the above formulas for Ser(u) and Z(u), we propose to the write an
expression for Ser(u) as an infinite product of exponentials. First, we have to give a precise
definition of the infinite products. For any series S € A(X), let us use (S, o) to denote the
coefficient of X,, so that S = > (S,0)X,. Let J be a set which is totally ordered by a
relation <. Let {SJ je J} be a family of series in A( ), indexed by j € J. We define the

infinite product ﬁjejsj by:

-
(11) [Is= > rx,

JjeJ o€Z(I)



where

(12) PUZZ Z Z <Sjl,0'1>"'<Sj",O'n>.

n=0j1€J,....jn€J 01€Z'(I),...,0n €L’ (I)
J1>J2>>0n oy #foo# - Hon=0

Here, if 01, ...,0, are in Z(I), we use o1# ... #0, to denote the concatenation of o1, o9, . . .,
op (so that Xo, soypte o, = Xoy Xoy -+ Xo, ). If 0 = 0, then (12) implies that P, = 1. The
product is defined provided that: (i) all the S% are equal to 1, and (ii) for each o there are only
finitely many choices of n, j1,...,jn, 01,...,0n,such that j; € J,... . jp € J, j1 > jo > -+ >
Jny 01 €ET'(I),...,00 €T'(I), 014 - #0,, = 0, and (St 01)(572,09) - - - (S, 5,,) ># 0.

Next we have to define the concept of a P. Hall basis of L(X). First, we define the
set Br(X) of formal brackets in the indeterminates X. (This is essentially the same as the
magma generated by X.) Let A be the alphabet that consists of the X;, the left and right
square brackets, and the comma. Then Br(X) is the smallest set {2 of words in the alphabet
A, such that (i) X; € Q for all ¢ € I, and (ii) whenever «, 8 are two words that belong
to €, then the word “[a, 8]” also belongs to 2. Every formal bracket B € Br(X) has a
well-defined degree deg(B), which is an integer > 1. If deg(B) > 2, then B can be written
in a unique way as [Bj, Bs], with B; € Br(X), Bs € Br(X) The formal brackets By,s By
are called the left and right factors of B, and are denoted by A(B) and p(B), respectively.
There is a mapping p which associates with each B € Br(X) an element of L(X). The
elements of L(X) of the form u(B), B € Br(X), are the Lie monomials in the X;. (But
notice that: (a) the map p is not one-to-one, and (b) the unique factorization is a property
of the formal brackets, not of the Lie monomials. For instance, if X and Y are two different
indeterminates, and we let By = [X,[Y, [X,Y]]], B2 = [V, [X, [X,Y]]], then A (B;) = X and
A(Bz2) =Y. However, the Jacobi identity implies that u (B1) = p(B2).)

A Philip Hall basis of L(X) is a subset B of Br(X), totally ordered by a relation <, such
that:

(I) every X, is in B,
(IT) if By € B, B2 € B, and By < By, then deg (B;) < deg (Bz2),

(III) if B € Br(X) and deg(B) > 2, so that B = [B1, Ba], By € Br(X), By € Br(X), then
B € Bifand only if: (a) By € Band Bs € B, (b) By < Bs, and (c) either deg (B2) =1
or \ (BQ) S Bl.

If (B,<) is a P. Hall basis of L(X), then it can be proved that u is one to one on B, so that
B can also be regarded as a set of Lie monomials. When this is done, then B turns out to
be a basis of L(X) (cf. [1, 2, 3]).

We then have

Lemma. Let B be a P. Hall basis of L(X). Then:
(i) for every familly « = {ap : B € B} of real numbers, the infinite product

-
(13) $B(a) = H exp(apB)

BeB

is defined,



(ii) a — ?B(Ck) is a bijection from R® onto G(X).

Proof. Let S = exp (apB). It is clear that <SB,(Z]> =1 for all B. Let 0 = (iy,...,i) €
Z(I). Then o € Z(F) for some finite subset of I. If B € Br(X), let supp(B) denote
the set of those ¢ € I that occur in B. (That is: supp (X;) = {3}, and supp [By, B2] =
supp (B1) U supp (Bz).) Then it is easy to show that, if B = }° .7 Br X, then all
the X, for which B, # 0 are such that supp(7) = supp(B). (If 7 = (71,...,7m), We
define supp(7) = {m,...,7Tm}.) If @ € R,B € Br(X), and a # 0, the series exp(aB)
also has the property that the only monomials X, of positive degree that can occur are
those for which supp(r) = supp(B). If o1,...,0n, Bi,...,B, are such that o; € Z'(I),
B, € B, ow#---#0, =0, By > By > --- > B,, and (B;,0;) # 0 for i = 1,...,n, then
supp(B;) = supp (0;), and so supp (B;) € F. Moreover, 1 < deg(B;) < |o;| < |o|. Hence
n < |o|. Since there are only finitely many elements B of Br(X) such that supp(B) C F'
and deg(B) < |o|, we conclude that the number of choices of n, o1,...,04,, Bi,..., By is
finite. So %B(a) is defined.

That Pp(a) is an exponential Lie series follows easily from the Friedrichs criterion
(cf. Serre [2]). If S is an exponential Lie series, let S = exp(Z), ¥ € L(X). Write Z =

Za+) pep, @B, where By is the set of those B € B such that: deg(B) = 1, and Zy € I:(K)
contains no monomial of degree one. Then the Campbell-Hausdorff formula implies that

« -1
(14) exp(Z) - ( 11 cxp(aBB)> = exp(Zs),

BeB;

where Zs contains no monomials of degree one. Suppose that we have defined the apg for
B € By, (where B, = {B: B € B, deg(B) < k} ) such that

- -1
(15) exp(Z) - ( H exp (aBB)> = exp (Zg+1)

BeB;,

where Zj41 contains no monomial of degree < k. Then we let

Ziy1=Zrsa+ Y, apB,

BeB
deg(B)=k+1

where Zj4o contains no monomials of degree < k + 1. Then (15) holds, with a suitable
choice of Z 9, if k is replaced by k+ 1. So the ap are defined for all B € B, and (15) holds

for all k. From this it follows easily that S = ?B(a).

- Finally, we must show that the map o« — Ppg(«) is injective. Let «, 8 be such that
Pp(a) = ?g(ﬁ). Suppose that o« # . Let B* be the first element B of B such that
ap # fp. Then

— —

(16) I exp(apB)= II exp(BpB).
BEB BEB
B>B* B>B"

The left side is equal to 1+X#ap B+ S;, where the sum ©# runs over those B € B such that
B > B* and deg(B) = deg (B*), and S; contains no monomials of degree < 1 + deg (B*).



A similar expression holds for the right side of (16). So ¥#agB = X#BgB. Since B is
a linearly independent set, we have ag~ = g+, which is a contradiction. Hence a = 3, and
our proof is complete. O

The lemma implies, in particular, that

%
(17) Ser(u) = H exp(ap(u)B),
BeB

where the ap are real-valued functions on U(T), uniquely determined by (17). Our goal is
to exhibit an explicit formula for the ap(-) as iterated integrals. We shall associate with
each formal bracket B € Br(X), and each u € U(I), two functions Cp(u), cg(u) defined on
the interval [0,7] (if T is the duration of u). The function cp(u) will be in L'([0,T],R),
and then Cp(u) will be given by

(18) Cp(u)(t) = /0 Cp(u)(s) ds.

The cp(u),Cp(u) are defined as follows. Let u = {u;(-): i € I}. For B = X;, we let
ep(u)(t) = u;i(t), 0 <t < T, and then define C(u) by (18). Assume that cg(u) and Cp(u)
have been defined for all B € Br(X) such that deg(B) < k, and let B € Br(X) have degree
k+ 1. Then B can be written in a unique way as (ad By)™(Bz), with A (Bg) # By, m > 1.
(As usual, ad P is the mapping Q@ — [P, Q].) We then define

(19) cn(w) = —C, (u)"es, (w)

and, again, we define Cp(u) by (18). This completes the recursive definition of the cp(u),
Cp(u). We then have:

Theorem. Let u € U(I) have duration T. Let B be a P. Hall basis of L(X). Then

<__
(20) Ser(u) = ] exp (C(u)(T)B).

BeB
Formula (20) is the desired product expansion.

Proof. Let 0 € Z(I) and let F C I be finite and such that 0 € Z(F). Let uf =
{u;(-) i € F},Let X" = {X; :i € F},and let 77 : A(X) — A (X*") be the map that sends
X;to X, ifi € F,and to zeroif ¢ ¢ F. Then, if Q) is any series in A(X) the coefficients (Q, o)
and (7¥(Q), o) are equal. To prove that X, has the same coefficient in both sides of (20),
it suffices to show that the results of applying F' to both sides of (20) are the same. But

7 (Ser(u)) = Ser (u'), and 7' (ﬁBeB exp (C’B(u)(T)B)> = ﬁBelgF exp (Cp (uf') (T)B)
where BT is the set of those B € B that only contain X;’s that belong to . Hence it suffices
to prove (20) when [ is a finite set. From now on, we assume that I is finite.

Let B(k) = {B : B € B,deg(B) = k}. Then each B(k) is a finite set. Since the total
order < is such that By < By implies deg (B1) < deg (Bz2), the elements of B can be arranged



in a sequence B, Bs, B3, ... in such a way that By < By < Bs < .... We will construct, by
induction on j (for j =0,1,2,...), a finite subset F; of B, such that:

(a) card (F}) = j,

(b) if we define, for a u € U(I) of duration ¢, the A(X)-valued function SJ, by

(21) Su(t) = Si(t) - <ﬁexp { (/Ot cp(u)(s) ds) : B} L 0<t<T

then SJ satisfies the differential equation

(22) Sat)=sit)- | D enw)®)B ],

BeG;

together with the initial condition S7(0) = 1, where G, is a subset of B such that: (i)
By < By for all By € Fj, B, € Gj, and (ii) if B} is the <-first element of G, then every
B € Gj such that B # B} and deg(B) > 1 satisfies A\(B) < B}

For j =0, we let F; =0, G; = B(1), S (t) = S,(t). Then all the conditions are satisfied.
Now assume F}; has been constructed for a particular j, in such a way that (a) and (b) hold,
and let G;, B}, S/, be as specified in (b). We define Fj 1 = F; U {B}"} Since B} € Gj, we
have BY > B for every B € Fj. In particular, B} ¢ F}, and so card (Fj11) = j + 1. The
series S771(t) then satisfies:

(23) si0 =510 e { (| e (0)(s) as) 57}
Then

@) 80 = S0 en 05 + 8 e { ([ e wieas) 5}

so that

(25) i | Y en@®B | =87 ) exp (C; (w)()B))
iy

and then

(26) S (1) = 81T (1) - DL

where

(@7) DIt =exp (Co (®B;) - | 32 en)®)B | - exp (~Cp; (w)(1)B;)
BEGj
B#B;



(28) Di(t) = ig; % {Co; @O} en@)(®) Bz,
B£B;

where

(29) Epp = (adB})™ (B).

The brackets E,, g, for B € G, B # B}, and m = {0,1,...}, are in B. This is clear for
m = 0, because G; C B. For m =1, E,, p is the bracket [Bj,B]. Both Bj and B are in
B. Moreover, B} < B, because B} was the <-first element of ;. Finally, the inductive
assumption (item (ii) of (b)) tells us that, if deg(B) > 1, then the left factor of B satisfies
A(B) < Bj. Hence the definition of the P. Hall basis shows that E,, p € B. Assume that
E,,. B € B for some m > 1. Then F,,11.p = [B;,Em,B], and both B;‘ and E,, p are in B.
Moreover, deg (B]*) < deg (Em,p), and so B} < Ep, p. Finally, the left factor of Ey, p is
B}, and so A (Em.B) < B}. So Ep1,p € B. This establishes that E,, p € B for all m and
all Be G, — {BJ*}

Next we show that the E,, p are all different, i.e. that E,, g cannot be equal to E,,/ g/
unless m = m’ and B = B’. To see this, notice that each B’ € Br(X) can be written in a
unique way as (ad B1)"™ (Bz), for some m, By, B such that By # By. (We let By = X (B');
then we define H, K* by H' = By, K' = By, H"™! = X\ (K*) , K'*! = p (K"). The integer
m is then the first i such that H* # H'*1 and B, can then be recovered, since By = K™.)
If we apply this when B’ = E,,, g, we see that m and B can be recovered from E,, . Since
the E,, p are all different, and the coefficient of E,, p in (28) is obviously cg,, ,(u)(t), we
can rewrite (28) as

(30) Dit)y= Y ep(u)(t)B

BeGj1

where G4 is the set whose elements are the E,, . We must now show that Fji,G; 41
satisfy conditions (i), (ii) of (b). Let By € Fj41,B2 € G41. Then By = E,,, p for some m
and some B € G;,B # Bj. If m = 0, then B > B} because B; is the <-first element of
Gj. So By > B}. If m > 0, then A (Bz) = B}, and so deg (Bz) > deg (B;‘), and therefore
By > Bj. In either case we have shown that By > B;. If By = B, then By > Bj. If
B, € Fj, then By > B; as well, because B; € G; and so By < B:. So (i) holds. We
now prove (ii). Let B, be the <-first element of Gj1. Let B € Gj1,B # Bj,;. Then
B = E,, p for some m and some B’ € G;. Assume that deg(B) > 1. If m = 0, then
B = B’, and so B € G, and deg(B) > 1. Therefore A(B) < B} by the inductive hypothesis.
If m > 0, then \(B) = By, and so A(B) < Bj as well. So \(B) < Bj in either case. Since
By < Bj,,, we see that A(B) < Bj,,, and the induction is complete.

So we have completed the inductive construction of the F;. The construction shows that
each F)j11 is obtained from F); by adjoining an element B} of B which does not belong to F}
and satisfies BY > B for all B € Fj. If we let B; = Bj_;, we see that the B; are elements
of B that satisty By < By < Bg < ---, and F; = {B1, Ba, ..., Bj}. Then (21) becomes

(31) Su(t) = S5(t) - Pi(t)



where
(32) Pi(t) = H XPp (Cp, (u)(t)B;) .

If we let §; = deg(Bj), it is clear that Sj(t) = 1+ QJ(t), where QJ(t) contains no
monomials of degree < §;. Let R(t) = PL(t), and Ri(t) = PIT1(t) — Pi(t) for j > 1.
Then RI = QL P) — QJT'PiT1) so that RJ(t) only contains monomials of degree > §;.
Since §; — oo as j — 00, the sum Z;io RJ(t) converges, and so the infinite product

ﬁ1§i<oo exp (Cp, (u)(t)B;) converges as well. Since

(33) Sult) = Pi(t) + QL) PI(®),

we see that the coefficients of S, (t) and Pi(t) agree up to degree §; — 1. Therefore
%

(34) Sut) = [I e (Cp (u)(t)B)
1<i<oo

Equivalently, we have

%
(35) Su(t) = [] exp (Cs(w)(#)B)
BEF
where F' is the set whose elements are By, Bo, ..., ordered by the restriction of < to F.

To complete our proof, we must show that F' = B. This can be established in a number
of ways. We choose to use the Poincaré-Birkhoff-Witt theorem, according to which the
elements of A(X) that are of the form

(36) B Br: .. B

with By,...,Bg in B, and B; > By > ... > By, form a basis of A(X). Let H denote
the linear span of the elements of the form (36) that are such that By,..., By are in F. If
F # B, then H is a proper subspace of A(X). We show that H = A(X). Fix a multiindex
o= (i1,...,4) € Z(I). Let A.(X) be the quotient algebra obtained by setting all monomials
of degree > r equal to zero, and let 7, : A(X) — A, (X) be the canonical homomorphism.
We can also regard A,(X) as a linear subspace of A(X). Let H, = HN A.(X). It is clear
from (35) that m, (S,(t)) € H, for every u, t. In particular, the product

(37) 7 (exp (81 X54,) - . . exp (6 X5.))

belongs to H, for every ti,...,t.. If we differentiate (37) with respect to t1,%a,...,t, and
then set t; = ... =t, = 0, we find that X, € H,.. So X, € H. Since ¢ was arbitrary, we
conclude that H = A(X). So F' = B and our proof is complete. O

We now turn to the question of the convergence of the product expansion.
Formula (19) makes it possible to prove bounds for the coefficients Cp(u)(t). Assume
that I is a finite set. For a w € U(I) with duration T, let u = {u;(:) : ¢ € I'}, and define

ha () = max {{u;(t)] : i € I}, Hy(t) = fot hy(s)ds. Then an easy induction gives the bounds

(38) les(u)(t)] < Ha(8) 4¢P~ h(t)



and then

Hu (t)deg B

(39) Colu)(t) < T4

These bounds are sufficient to prove that the product expansion (20) converges in a slightly
stronger sense. Suppose that A = {A; : i € I} are square n X n matrices or, more generally,
bounded operators on some Banach space. Let M be an upper bound for the operator
norms ||A;||,¢ € I. For each bracket B € Br(X), let B4 denote the operator obtained by
substituting the A; for the X; in B. Then ||Ba| < 2(dceB)=1pfdee B for all B. For a given
n, there are at most ™ elements of B of degree n. Hence the series

(40) Z Cp(u)(t)Ba
B
converges absolutely and uniformly on every interval 0 < ¢ < ¢ such that
1
41 — LM (HL ()" < 0.
(1) BT (D) < o0

In particular, the series (40) converges on [0,%] if 2MvH,(f) < 1. Since the wu;(-) are
integrable, (40) converges, for each u, on some interval [0, ], > 0.

On the other hand, it is easy to see that, whenever (40) converges absolutely, the infinite
product [] 5.z exp(Cp(u)(t)Ba) converges as well. So, for every choice of the A;, and every
u, the infinite product converges for sufficiently small times (or. for a fixed time interval
[0,%], for sufficiently small controls u, the smallness being measured by the L! norm).

The presence of a factorial in (19) might be regarded as an indication that (39) is not
the best possible bound for the Cp(u), and that perhaps the Cp(u) decrease faster than
geometrically, and the series actually converges for all w and all times. We show that this is
not so by means of an example.

In order to construct our example, we take a set I that has two elements, and let XY
denote the two indeterminates. We let B be an arbitrary P. Hall basis of L(X). We take
u € U(I) such that both functions u;(-) are identically equal to one. Then the functions
€z, ¢y are equal to 1. An easy induction shows that, for each B € Br(X), the coefficient
cp(t) is given by

tdeg B-1
(42) cnlt) =

where Ap is a positive constant. The constants Ap can be computed recursively by the
formula

(43) Ap = A nmlAp,,

valid if B = (ad Bl)mBQ7 )\(BQ) 7é Bl, and n; = degB, for ¢ = 1, 2.
For n > 1, we let «,, denote the smallest of the Ap, for all B € BB such that deg B = n.
We will prove that the upper bound

(44) an < Ky"
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holds for some K > 0, v > 0. This implies that we can choose a sequence By, By, B3, ... of

7ntn71
n K ’
so that Cp, (t) > = (%) . Therefore, the series Y, Cp, (t) does not converge if t > 7.

To prove the bound (44) we begin by defining, for k¥ = 2,3,4,..., a set Sy of three
elements of B of degree 2¢. We start by letting S, be the set whose elements are the three
members of B that have degree 4 (i.e. [X,[X,[X,Y]]], [V;[X,[X,Y]]] and [Y,[Y, [X,Y]]]).
If Si has been defined, we let Sk;1 consist of the three brackets of the form [B, B’] with
B e Sy, B € Sk, B< B'. It is clear that Sp11 C B. Next we let 8y denote the maximum
of the constants Ap for B € Si. If B € Si11, we can write

elements of B, with deg B,, = n, such that the coeflicients cg, (t) satisfy cp, (t) > 2

(45) B=[B,B"], B €58,,B"€S.

Since deg B’ = deg B”, the left factor of B” cannot be equal to B’. Hence

(46) Ap = A Agn2F.
Therefore,

(47) Bri1 < 2B

Then

(48) log Br+1 < 2log Br + klog 2.

Let 0, = 27%log 8. Then

(49) Ops1 < O +27" klog2
Therefore
k—1 .
(50) Op <02+ 2777 jlog2.
=2

since the series Zj 277~ 1jlog 2 converges, there is a constant 7 such that 6, < n for all k.
So log B < n2*, and then ), < exp (772’“) for all k. So, if we let v = €™, we see that

(51) Br <% fork=23,....

Since agr < B, we conclude that a,, < ~" for all n that are of the form 2¥, k = 2,3,.... By
taking a larger v, if necessary, we can assume that the inequality also holds for £ = 0,1. So
we have proved the desired bound, except for the fact that, so far, only values of n of the
form 2* have been considered.

In order to extend the bound (44) to arbitrary values of n, we pick an n and express it
as

(52) n=2F 42" 2824 4 1246
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where each ¢; is either 0 or 1. We pick a B € S, and modify it by suitable insertions to get
an element of B that has degree n. Write B = [Bf&, Bs], where Bi#é € Sk_1, Ba € Si,_1 and
BY < By. If e, =1, let Bf = [BY,[Bf, By]]. Then

(53) Ap: = QAE#Ang*l <2kpd |
and so
(54) Aps < 2k'y3'2k71 = 2k72k+512k71.

If e; = 0, define Bf = B. Then it is clear that (54) holds in this case as well.
We now have

(55) B; = (ad B;ﬁﬁ)al+1 (Bs).

Write By = [BY, B3], where BY and Bs are in Si_y. Define

(56) By = (aast)" " (aaBf)™" ().
If e = 1, then

(57) Ap; = 2A3f2k72AB{a

so that

(58) Ap; < gh=1g, ,okn2i+ei2" !

and then

(59) Ap; < Qhgh—1,2" 21287 4eg2 72

If €2 = 0 then (59) holds as well.
This procedure can be continued, until we get an element B;_, of degree 2k 4 g 2k-1 4
...+ 4ep_o which satisfies

(60) 143):_2 < okok—1 . 2372k+€12k_1+m+45k—2

and is of the form (ad Bf)¥1*!...(ad B )% (B)_1), where Bj,_; € Sy. Let v =
2¢k—1 + €k Then By = (ad Z)*(ad X)*(Y), where either 4 = 1,A =1 and Z = [X,Y],
or Z =Y, p>1, and p+ XA = 3. Define B = (ad Z)*(ad X)**(Y), and then let
(ad Bf)s1+1. .. (ad B ,)er-2+1 (B). Then B* € B, deg B* = n, and

Aps

k—2"

(61) Ape = M

Since 1 < <3 and 0 <v < 3, we have Ap, < 120AB;_2. Hence

62 Apx < 15 x 212+ tk o o
(62) y
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so that
(63) Ape < 15 x 23R+ 5 0

Since 2t > n > 2% we have

(64) Ap. < 15p3(k+Dqn
and then

(65) Ap. < 15pztolosnayn
where o = @- Clearly,

(66) 15n3tol8n < fepn

for some K, p that do not depend on n. Hence, if we replace v by e, we get

So a;, < K+™, and (44) is proved.
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