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A necessary condition of local controllability of a scalar-input control system is
proven. The proof is based on a general result also proven in this work on the con-
struction of a “suitable chart”.

The necessary condition of local controllability is extended to a necessary condition
of local controllability along a reference trajectory.

1 Introduction

Let us consider the following control system{
ẋ(t) = f0(x(t)) + u(t)f1(x(t))

x(0) = x0
(1)

where the state x(t) belongs to a Cω manifold M , f0 and f1 are Cω vector fields such that
f0(x0) = 0 and f1(x0) 6= 0. The control map t → u(t) belongs to the collection U of the
integrable maps defined on [0, 1] with values in [−1, 1].

The system (1) is said to be locally controllable if, for each t > 0, x0 belongs to intR(x0, t)
(= the interior of the reachable set from x0 at time t). To the author’s knowledge the
necessary conditions of local controllability are the following ones (see [2, 3])

L(x0) = Tx0
M (2)

(L is the Lie algebra generated by f0 and f1)

ad2
f1 f0(x0) ∈ S1(x0) (3)

adkf1 f0 is defined by adf1 f0 = [f1, f0], adkf1 f0 = [f1, adk−1f1
f0], and Sk is the subspace of L

consisting of all the brackets containing f1 at most k times.
In this paper the following generalization of (3) will be proven.

1



Theorem 1. A necessary condition for the local controllability of the system (1) is

∀r even, adrf1 f0 (x0) ∈ Sr−1 (x0) . (4)

The proof of the theorem is based on a general result also proven in the paper on the
construction of a “suitable chart”.

To be more precise, let F = {Fi}i≥0 be an increasing filtration at x0 of L, that is a
sequence of linear subspaces of L such that

i) Fi ⊆ Fi+1

ii) F∞ ≡ ∪
i≥0

Fi = L

iii) [Fi, Fj ] ⊆ Fi+j

iv) ∀f ∈ F0, f (x0) = 0.

For each f ∈ L the weight (with respect to F ) is defined by w(f) = min(i : f ∈ Fi).
Obviously w([f, g]) ≤ w(f) + w(g), ∀f, g ∈ L.

Identifying a vector field f with the derivation Lf , the associative, non commutative
algebra of differential operators A, generated on R by L, acting on the Cω functions defined
on M , can be considered. The filtration F induces a filtration A = {Ai}i≥0 of the algebra

A by Ai = span{D = Lf1 ◦ . . . ◦ Lfj :
∑j
k=1 w (fk) ≤ i}. The definition of weight can be

extended to each D ∈ A in the obvious way w(D) = min {i : D ∈ Ai}.

Theorem 2. Let ϕ : M → R be a Cω function such that Lfϕ (x0) = 0 for each f ∈ Fr.
There is a Cω function ϕ̃ such that j1ϕ̃ (x0) = j1ϕ (x0) (i.e. ϕ and ϕ̃ coincide up to the
first order) and Dϕ̃ (x0) = 0 for each D ∈ Ar.

Remark 1.1. If r = +∞ so that L (x0) 6= Tx0
M , the construction of ϕ̃ provides an iterative

method to construct the local integral manifold of L through x0 (see Remark 2.1).

Finally if f0 (x0) 6= 0, (4) becomes a necessary condition of local controllability along a
reference trajectory in the following sense

Theorem 3. Let (t, x0)→ exp tf0 (x0) be the local flow of f0. If (4) doesn’t hold, then there
is T > 0 such that ∀t ≤ T , exp tf0 (x0) /∈ intR (x0, t).

2 Proof of Theorem 2

Let x = {x1, . . . , xn} be a chart at x0 adapted to F in the following sense

i) x (x0) = 0 ∈ Rn

ii) span
{

∂
∂x1

(x0) , . . . , ∂
∂xmi

(x0)
}

= Fi (x0)

mi being the dimension of Fi (x0).
Starting from any chart at x0, an adapted chart can be obtained by a linear change of

coordinates.
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The monomial xν11 x
ν2
2 . . . xνnn , νi ∈ N, will be denoted by xν . For each r = 1, . . . , n, the

weight wr is defined as wr = min
{
i : ∂

∂xr
(x0) ∈ Fi (x0)

}
(wr = +∞ if ∂

∂xr
(x0) /∈ L (x0))

and the monomial xν is said to have degree |ν| =
∑n
i=1 νi and weight ‖ν‖ =

∑n
i=1 νiwi.

Let m = dimL (x0) (m = n if L has full rank at x0). Let g1, . . . , gm ∈ L be such that
gi (x0) = ∂

∂xi (x0), i = 1, . . . ,m. The differential operator Lνmgm ◦ . . . ◦ L
ν1
g1 ∈ A is denoted by

Dν and |ν| (‖ν‖) is the degree (the weight) of Dν .
Moreover the set of all multiindex of “degree s and weight r” is denoted by χ(s, r) i.e.

χ(s, r) = {(ν1, . . . , νm) : νi ≥ 0, |ν| = s, ‖ν‖ ≤ r} .

Notice that χ(s, r) = ∅ if s > r.
Let ϕ be as in the Theorem 2, that is Lfϕ (x0) = 0,∀f ∈ Fr. Without loss of generality

we can suppose ϕ (x0) = 0.
Let us define recursively for s ≤ r :

ϕ1 = ϕ, ϕs = ϕs−1 −
∑

ν∈χ(s,r)

1

ν!
Dνϕs−1 (x0)xν ,

where ν! = ν1! . . . νn!. It is clear that ϕ and ϕs coincide up to the first order.

a) r < +∞
Let us prove by induction on s ≤ r that

Lf1 ◦ . . . ◦ Lfsϕs (x0) = 0 if

s∑
j=1

w (fj) ≤ r (5)

For s = 1, (5) follows by the hypothesis.

Let f1, . . . , fs+1 be such that
∑s+1
j=1 w (fj) ≤ r.

Lf1 ◦ · · · ◦ Lfs+1
ϕs+1 (x0) = Lf2 ◦ Lf1 · · · ◦ Lfs+1

ϕs+1 (x0) + L[f1,f2] ◦ . . . ◦ Lfs+1
ϕs+1 (x0) .

Being ϕs+1 = ϕs + (polynomial of order s + 1), we get L[f1,f2] · . . . ◦ Lfs+1
ϕs+1 (x0) =

= L[f1,f2] ◦ · · · ◦ Lfs+1ϕs (x0) = 0 by the inductive hypothesis, so that Lf1 ◦ Lf2 ◦ · · · ◦
Lfs+1ϕs+1 (x0) = Lf2 ◦Lf1 ◦ · · · ◦Lfs+1ϕs+1 (x0). In an analogous way it is possible to show
that Lf1 ◦ · · · ◦ Lfs+1

ϕs+1 (x0) = Lfσ(1) ◦ · · · ◦ Lfσ(s+1)
ϕs+1 (x0) for each permutation σ of

[1, . . . , s+ 1]. This means that Lf1 ◦ · · · ◦Lfs+1
ϕs+1 (x0) is a linear combination of terms of

type Dνϕs+1 (x0) with |ν| = s+ 1 and ‖ν‖ ≤ r.

If |ν′| = s+ 1, Dνxν
′
(x0) =

{
0 if ν′ 6= ν

ν! if ν′ = ν
.

Hence Dνϕs+1 (x0) = Dνϕs (x0)−
∑
ν′∈χ(s+1,r)

Dν
′
ϕs(x0)
ν′! Dνxν

′
= 0.

Let us define ϕ̃ = ϕr.
The previous arguments show that Dϕ̃ (x0) = 0 if D is a differential operator of degree

and weight at most r. To get the proof it is sufficient to prove by induction on i that
Lf1 ◦ · · · ◦ Lfr+i ϕ̃ (x0) = 0 if

∑r+i
j=1 w (fj) ≤ r. The last condition implies that there is

k ∈ {1, . . . , r+i} such that fk ∈ F0. We get Lf1◦· · ·◦Lfr+i ϕ̃ (x0) = Lfk◦D1ϕ̃ (x0)+D2ϕ̃ (x0),
where D1 and D2 are differential operator of degree r + i− 1 and weight at most r. Hence
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Lfk ◦ D1ϕ̃ (x0) = 0 by fk (x0) = 0 and D2ϕ̃ (x0) = 0 by the induction hypothesis and the
theorem is proven.

b) r = +∞
Let N be the local integral manifold of L through x0. By a Nagano’s theorem N exists

and its dimension is m.
Let {x1, . . . , xn} be adapted to F and such that xm+1 = . . . = xn = 0 are the equations

of N .
Let the function ψ be defined by ψ (x1, . . . , xn) = ϕ (x1, . . . , xm, 0 . . . 0). As ψ|N = ϕ|N

and each f ∈ L is tangent to N it is sufficient to prove that the sequence {ϕs}s≥1 converges to
ϕ̃ = ϕ−ψ, in fact Lfϕ|N = Lfψ|N ,∀f ∈ L. Let Ψs be the Taylor expansion of ψ up to order
s. By Lfϕ (x0) = 0∀f ∈ L, it follows that ψ1 = 0 and hence ϕ1 = ϕ− ψ1. By the inductive
hypothesis, let ϕs = ϕ − ψs. We get ϕs+1 = ϕ − ψs −

∑
|ν|=s+1D

ν (ϕ− ψs) (x0) /ν!xν .

But Dνϕ (x0) = Dνψ (x0), so that Dν (ϕ− ψs) (x0) = Dν (ψ − ψs) (x0) = ∂s+1

∂xν ψ (x0) and
ψs +

∑
|ν|=s+1D

ν (ϕ− ψs) (x0) /ν!xν = ψs+1.

Remark 2.1. The previous result gives an iterative method to construct the equations of N
in the following sense.

Starting from any chart at x0 it is possible, by a linear change of coordinates, to get a
chart {x1, . . . , xn} adapted to F and such that Lfxi (x0) = 0, i = m + 1, . . . , n. Applying
the theorem and denoting xi − x̃i (x1, . . . , xm) by ψi, we get that xi = ψi (x1, . . . , xm) , i =
m + 1, . . . , n, are parametric equations of N , where the parameters are “the coordinates of
the tangent space Tx0

N”.

Example 2.1. Let M = R2, f0(x, y) = (x, 2y), f1(x, y) = (1, x + y). Let the filtra-
tion F be defined by: F0 = span {f0}, Fi = F0 + Si. We get [f1, f0] (x, y) = (1, x),
adkf0 (f1) (x, y) = (−1)k(1, x) and [f1, [f0, f1]] (x, y) = (0, x), so that F1(0, 0) = F2(0, 0) =

span{(1, 0)}. Applying the Theorem 2 for r = 2, we get: ỹ = y − 1
2f

2
1 y(0, 0)x2 = y − 1

2x
2

and Lf1 ◦ Lhf0 ◦ Lf1 ◦ L
k
f0
ỹ(0, 0) = 0 ∀h, k ≥ 0.

Example 2.2. Let M =
{

(x, y, z) ∈ R3 : |x|, |y|, |z| < 1
}

, f0(x, y, z) =
(
0, x, x2/(1 + xy)

)
),

f1(x, y, z) = (1, y, (y + xy)/(1 + xy)).
Let the filtration F be defined by F0 = {0}, F1 = span {f0, f1}, F2 = F1 + span {[f0, f1]},

F3 = L. We get L(0) = F2(0) =
{

(λ, µ, 0) : (λ, µ) ∈ R2
}

. It is easy to see that Lf0(z −
log(1 + xy)) = Lf1(z − log(1 + xy)) = 0. In this case z̃ = z − log(1 + xy) and z − zs =∑s
i=1(−1)i−1 (xy)i

i is the Taylor expansion of log(1 + xy) up to order s.

3 Proof of Theorem 1

Let r > 0 be even and let adrf1 f0 (x0) /∈ Sr−1 (x0). There is a Cω function ϕ such that
ϕ (x0) = 0, Ladrf1

f0ϕ (x0) = 1 and Lfϕ (x0) = 0,∀f ∈ Sr−1. By the Theorem 2 applied

to the filtration F0 = span (f0), Fi = F0 + Si, there is ϕ̃ with the same properties and
Dϕ̃ (x0) = 0 for each D ∈ Ar−1. In what follows we set ϕ = ϕ̃. Moreover let ψ be a Cω

function such that Lf1ψ (x0) = 1.
We shall prove that there is T > 0 with the following property:

If x ∈ R (x0, t), t ≤ T , is such that ψ(x) = 0, then ϕ(x) ≥ 0. (P)
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This shows that x0 /∈ intR (x0, t). To get the proof we need some technical results on
integral inequalities.

Let the integral operator I : U → U be defined by Iu(t) =
∫ t
0
u(s)ds, ∀u ∈ U . Moreover

for each u ∈ U we define Iu : U → U by Iuw = I(uw), ∀w ∈ U . Let v = Iu. It is not
difficult to see that

Ik+1w(t) =

∫ t

0

(t− s)k

k!
w(s)ds ∀w ∈ U (6)

IkuIw(t) =

∫ t

0

(v(t)− v(s))k

k!
w(s)ds ∀w ∈ U (7)

Let h = (h1, . . . , hj) be a multiindex with h1, . . . , hj ≥ 0, we denote |h| = h1 + . . . + hj .
Moreover, in what follows we denote by i : [0, 1] → [0, 1] the identity map i(t) ≡ 1 and for
sake of simplicity we define(

Ikju ◦ Ihj ◦ · · · ◦ Ik1u ◦ Ih1
)
i(t) = p(k, h, u, t) (8)

It is not difficult to see that ∀u ∈ U ,

|p(k, h, u, t)| ≤ 2`

`!
`2t`−2

∫ t

0

|v(s)|ds (9)

if |k| ≥ 1, |k|+ |h| = ` ≥ h1 + 2, v = Iu.

Lemma 3.1. Let j ≥ 1; h1, kj ≥ 0; k1, . . . , kj−1, h2, . . . , hj ≥ 1; |k| = r ≥ 1; |k|+ |h| = ` ≥
r + 1; v = Iu. Then

|p(k, h, u, t)| ≤ rr(2r)!(r + 1)`+1

`!

r∑
i=0

|v(t)|r−it`−r−i/r
(∫ t

0

|v(s)|rds
)i/r

. (10)

Proof. Let h1 ≥ 1. Then

|p(k, h, u, t)| = |(Ikju ◦ Ihj . . . . . . Ik1u ◦ Ih1)i(t)|

≤
∫ t

0

|v(t)− v(s)|kj
kj !

|(Ihj−1 ◦ . . . ◦ Ik1u ◦ Ih1)i(s)|ds

≤
(∫ t

0

(|v(t)|+ |v(s)|)kj
kj !

ds

)
thj−1

(hj − 1)!

(∫ t

0

(|v(t)|+ |v(s)|)kj−1

kj−1!
ds

)
· · ·

· · · th2−1

(h2 − 1)!

(∫ t

0

(|v(t)|+ |v(s)|)k1
k1!

ds

)
th1−1

(h1 − 1)!

≤ t`−j−r

(h1 − 1)! · · · (hj − 1)!

k1∑
i1=0

· · ·
kj∑
ij=0

(
k1
i1

)
· · ·
(
kj
ij

)
|v(t)|r−i1−···−ij

k1! · · · kj !

(∫ t

0

|v(s)|i1ds

)
· · ·

· · ·
(∫ t

0

|v(s)|ijds
)
.

Using the Hölder inequality∫ t

0

|v(s)|ids ≤ t1−i/r
(∫ t

0

|v(s)|rds
)i/r

, i ≤ r (11)
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we get

|p(k, h, u, t)| ≤ t`−j−r

(h1 − 1)! · · · (hj − 1)!

k1∑
i1=0

· · ·

· · ·
kj∑
ij=0

|v(t)|r−i1−···−ij
i1! · · · ij !

t1−i1/r
(∫ t

0

|v(s)|rds
)i1/r

· · · t1−ij/r
(∫ t

0

|v(s)|rds
)ij/r

Using the equality ∑
i1,··· ,ij≥0
i1+···+ij=i

i!

i1! · · · ij !
= ji ∀j, i ≥ 1 (12)

we get

|p(k, h, u, t)| ≤
r∑
i=0

ji

i!
|v(t)|r−i t`−r−i/r

(h1 − 1)! · · · (hj − 1)!

(∫ t

0

|v(s)|rds
)i/r

≤ rr(2r)!(r + 1)`+1

`!

r∑
i=0

|v(t)|r−it`−r−i/r
(∫ t

0

|v(s)|rds
)i/r

.

If h1 = 0, in an analogous way we obtain

|p(k, h, u, t)| ≤
r−k1∑
i=0

(j − 1)i

i!

|v(t)|r−k1−i

k1!

t`−r−(k1+i)/r

(h2 − 1)! · · · (hj − 1)!

(∫ t

0

|v(s)|rds
)(i+k1)/r

=

r∑
i=k1

(j − 1)i−k1

(i− k1)!

|v(t)|r−i

k1!

t`−r−i/r

(h2 − 1)! · · · (hj − 1)!

(∫ t

0

|v(s)|rds
)i/r

≤ (r − 1)r−k1 (2r − k1 − 1)!
(r + 1)`+1

`!

r∑
i=k1

|v(t)|r−it`−r−i/r
(∫ t

0

|v(s)|rds
)i/r

Hence (10) is true also in this case.

Corollary 3.1. Let j ≥ 1; h1, kj ≥ 0; k1, . . . , kj−1, h2, . . . , hj ≥ 1; |h|+ |k| = `.
If |k| > r ≥ 1 or |k| = r ≥ 1 and kj = 0, then

|p(k, h, u, t)| ≤ (2r)!rr+1 (2r + 2)`

(`− 1)!
t`−r−1

∫ t

0

|v(s)|rds (13)

Proof. There is j′ ≥ 1, k′j′ ≤ kj′ and k′ =
(
k1, . . . , kj′−1, k

′
j′

)
such that |k′| = r. Hence
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setting h′ = (h1, . . . , hj′) we get `− r − |h′| ≥ 1 and

|p(k, h, u, t)| ≤ t`−r−|h
′|−1

(l − r − |h′| − 1)!

∫ t

0

|p (k′, h′, u, s)|ds

≤ t`−r−|h
′|−1

(`− r − |h′| − 1)!

rr(2r)!(r + 1)r+|h
′|+1

(r + |h′|)!

r∑
i=0

t|h
′|−i/r

(∫ t

0

|v(s)|rds
)i/r ∫ t

0

|v(s)|r−ids

≤ (by (11) and (12))
2`−1

(l − 1)!
rr(2r)!(r + 1)r+|h

′|+1t`−r−1
r∑
i=0

t
i
r−

i
r

(∫ t

0

|v(s)|rds
) i
r+

r−i
r

≤ (2r)!rr+1 (2r + 2)l

(l − 1)!
t`−r−1

∫ t

0

|v(s)|rds.

Corollary 3.2. Let u be such that |v(t)| ≤ A
∫ t
0
|v(s)|ds for some A ≥ 1 and let j ≥ 1;

h1 ≥ 0; k1, . . . , kj , h2, . . . , hj ≥ 1; |h|+ |k| = ` ≥ r + 1; |k| = r. Then

|p(k, h, u, t)| ≤ (2r)!rr+1Ar
(r + 1)`+1t`−r−1

`!

∫ t

0

|v(s)|rds (14)

Proof.

|p(k, h, u, t)| ≤ rr(2r)!(r + 1)`+1

`!

r∑
i=0

Ar−i
(∫ t

0

|v(s)|ds
)r−i

t`−r−i/r
(∫ t

0

|v(s)|rds
)i/r

≤ (by (11))
rr(2r)!(r + 1)`+1

`!
Ar

r∑
i=0

t(1−
1
r )(r−i)

(∫ t

0

|v(s)|rds
)1− i

r

t`−r−
i
r

(∫ t

0

|v(s)|rds
) i
r

≤ (2r)!rr+1Ar
(r + 1)`+1t`−r−1

`!

∫ t

0

|v(s)|rds,

using tr−i ≤ 1 since t ≤ 1.

Now let us prove the property (P). Let x(u, t) be the solution at time t relative to the
control map u. It is known [1, 3] that there is T ∗ > 0 such that ∀t ≤ T ∗

ϕ(x(u, t)) =
∑

|h|+|k|≥0

(D(k, h)ϕ) (x0) p(k, h, u, t) (15)

where the differential operator D(k, h) is defined by

D(k, h) = Lh1

f0
◦ Lk1f1 · · · ◦ L

hj
f0
◦ Lkjf1 (16)

and p(k, h, u, t) is defined by (8).
By the properties of ϕ, taking into account that f0 (x0) = 0 and

(
Ir−iu ◦ I ◦ Iiu

)
i(t) =

r−i∑
j=0

(
r − i
j

)
vj(t)

∫ t

0

(−1)r−i−j
vr−j

(r − i)!i!
(τ)dτ (17)
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and

adrf1 f0 =

r∑
i=0

(−1)r−i
(
r

i

)
Lif1 ◦ Lf0 ◦ L

r−i
f1

(18)

we get

|ϕ(x(u, t))| =
∣∣∣Lrf1ϕ (x0) vr(t) +

r∑
i=0

(−1)r−iLif1 ◦ Lf0 ◦ L
r−i
f1

ϕ (x0)

∫ t

0

vr(τ)dτ

i!(r − i)!

+

r∑
i=0

Lif1 ◦ Lf0 ◦ L
r−i
f1

ϕ (x0)

r−i∑
j=1

(−1)r−i−j
(
r − i
j

)
vj(t)

(r − i)!i!

∫ t

0

vr−j(τ)dτ

+ Lr+1
f1

ϕ (x0) vr+1(t) +
∑
|k|≥r

|k|+|h|≥r+2

D(k, h)ϕ (x0) p(k, h, u, t)
∣∣∣

≥ (being r even)
1

r!

∫ t

0

vr(τ)dτ − |all other terms|

Being ϕ, f0, f1 analytic there is Kϕ ≥ 1 such that

|D(k, h)ϕ (x0)| ≤ K |k|+|h|ϕ (|k|+ |h|)! (19)

(see [1, 3]). Hence if t and u are such that

|v(t)| ≤ A
∫ t

0

|v(τ)|dτ for some A ≥ 1 (20)

we get by (13) and (14)

|ϕ(x(u, t))| ≥
∫ t

0

vr(τ)dτ

(
1

r!
− η(t)

)
where

η(t) ≤ (AKϕ)
r
r!tr−1 + (AKϕ)

r+1
(r + 1)!tr +

r∑
i=0

r−i∑
j=1

tj

j!i!
(AKϕ)

r+1
(r + 1)!

+
∑
|k|≥r

`=|k|+|h|≥r+2

(2r)!rr+1Ar
(2r + 2)`+1

(`− 1)!
t`−r−1K`

ϕ`!

≤ (2r)! (AKϕr)
r+1

t

tr−2 + tr−1 +

r∑
i=0

r−i∑
j=1

tj−1

j!i!
+
∑
`≥r+2

2`(2r + 2)`+1K`
ϕ`t

`−r−2

 .

The series
∑
`≥r+2 (2(2r + 2)Kϕ)

`+1
`t`−r−2 converges to a Cω function for |t| < 1

2(2r+2)Kϕ
,

so that there is T > 0 such that for each t < T and each u satisfying (20), η(t) < 1
r! . Hence

we get the proof of the property (P) by the following
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Lemma 3.2. Let ψ be an analytic function such that Lf1ψ (x0) = 1. There is T ? > 0 and

A ≥ 1 such that if t < T ∗ and u satisfies ψ(x(u, t)) = 0, then |v(t)| ≤ A
∫ t
0
|v(τ)|dτ .

Proof. By (15) and the fact that f0 (x0) = 0 we get

ψ(x(u, t)) = Lf1ψ (x0) v(t) +
∑
i≥1

Lf1 ◦ Lif0ψ (x0) (Ii ◦ Iu)i(t)

+
∑
|k|≥2

D(k, h)ψ (x0) p(k, h, u, t) = v(t) + ρ(t).

Hence if ψ(x(u, t)) = 0, by (13) and (19) we get

|v(t)| = |ρ(t)| ≤
∑

`=|k|+|h|≥2

2`2
4`

(`− 1)!
K`
ψ`!t

`−2
∫ t

0

|v(τ)|dτ

≤
∫ t

0

|v(τ)|dτ ·
∑
`≥2

2(8Kψ)``t`−2.

The series
∑
`≥2 (8Kψ)

`
`t`−2 converges to an increasing Cω function for 0 ≤ t < 1

8Kψ
and

the lemma is proven.

4 Proof of Theorem 3

The proof is a slight modification of the one of the Theorem 1. First of all we need a Cω

map ϕ̃ such that

i) Ladrf1
f0 ϕ̃ (x0) = 1

ii) Lh1

f0
◦ Lk1f1 ◦ · · · ◦ L

hj
f0
◦ Lk1f1 ϕ̃ (x0) = 0 if |k| ≤ r − 1.

To get such a ϕ̃ let us start by a ϕ such that

Ladrf1
f0ϕ (x0) = 1, Lfϕ (x0) = 0 ∀f ∈ Sr−1

and Lf0ϕ ≡ c (constant in a neighbourhood of x0).
Let us apply Theorem 2 to the filtration F given by F0 = {0}, Fi = Si, starting from an

adapted chart with the following properties:

a) If f0 (x0) /∈ Sr−1 (x0) we choose x1, . . . , xn such that Lf0xi ≡ 0 i = 1, . . . ,mr−1

b) If f0 (x0) ∈ Sr−1 (x0), let k = max
{
j : f0 (x0) /∈ Sj (x0)

}
; we choose x1, . . . , xn such that

Lf0xmk+1 ≡ 1 and Lf0xj ≡ 0 j 6= mk + 1.

In both cases a) and b) we get
Lf0 ϕ̃ = Lf0ϕ = c (21)

In the case a) ϕ̃ = ϕ+ (a function depending only on x1, . . . , xmr ) and (21) can be easily
proven.
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Concerning the case b) we shall prove Lf0ϕs = Lf0ϕ by induction on s.

Lf0ϕ1 = Lf0ϕ = c. Lf0ϕs+1 = (see Section 2) Lf0ϕs −
∑

ν∈χ(s+1,r−1)

Dνϕs (x0)

ν!
Lf0x

ν .

If νk = 0, then Lf0x
ν = 0. If νk 6= 0, then

Dνϕs(x0) = Lgk ◦ L
νmr
gmr ◦ · · · ◦ L

νk−1
gk

◦ · · · ◦ Lν1g1ϕs(x0)

= (by the choice of the chart) Lf0 ◦Dν′ϕs(x0)

= Dν′ ◦ f0ϕs(x0) +Dν′′ϕs(x0)

where Dν′ , Dν′′ ∈ Ar−1. Hence Dν′ ◦ f0ϕs(x0) = Dν′c = 0, Dν′′ϕs(x0) = 0 and (21) is
proven.

By (21) the proof of ii) follows easily.
In what follows we set ϕ = ϕ̃.
Let ψ be a Cω function such that Lf1ψ (x0) = 1. We shall prove that there is T > 0

with the following property:

If x ∈ R (x0, t) , t ≤ T, is such that ψ(x) = ψ (exp tf0 (x0)) ,

then ϕ(x) ≥ ϕ(exp tf0(x0)).
(P’)

In fact ϕ(x(u, t))−ϕ(exp tf0(x0)) =
∑
|k|≥rD(k, h)ϕ(x0)p(k, h, u, t) and we get the property

(P’) as the property (P) in Section 3 by the following

Lemma 4.1. Let ψ be an analytic function such that Lf1ψ (x0) = 1. There is T ∗ > 0
and A ≥ 1 such that if t < T ∗ and u satisfies ψ(x(u, t)) = ψ(exp tf0(x0)), then |v(t)| ≤
A
∫ t
0
|v(τ)|dτ .

Proof. By (15) we get

ψ(x(u, t))− ψ(exp tf0(x0)) =
∑
i≥0

Lif0 ◦ Lf1ψ(x0)

∫ t

0

si

i!
u(s)ds

+
∑
i≥1

Lf1 ◦ Lif0ψ (x0)
(
Ii ◦ Iu

)
i(t) +

∑
|k|≥2

D(k, h)ψ (x0) p(k, h, u, t)

= v(t)
∑
i≥0

Lif0 ◦ Lf1ψ (x0)
ti

i!
−
∑
i≥1

Lif0 ◦ Lf1ψ (x0)

∫ t

0

si−1

(i− 1)!
v(s)ds+ (the other terms).

Hence by (13) and (19) we get∣∣∣∣∣∣v(t)

1 +
∑
i≥1

Lif0 ◦ Lf1ψ (x0)
ti

i!

∣∣∣∣∣∣ ≤
∑
|k|≥1

`=|h|+|k|≥2

K`
ψ`!2

4`

(`− 1)!
t`−2

∫ t

0

|v(τ)|dτ.

The series
∑
i≥1 L

i
f0
◦Lf1ψ (x0) t

i

i! converges to a Cω function ρ(t) for 0 ≤ t < 1
Kψ

. ρ(0) = 0,

so there is T1 such that ρ(t) > − 1
2 for each t ≤ T1.
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We get for each t ≤ T1

|v(t)| ≤ 2
∑
`≥2

2`2K`
ψ4``t`−2

∫ t

0

|v(τ)|dτ = 4
∑
`≥2

(8Kψ)
`
`t`−2

∫ t

0

|v(τ)|dτ.

The proof follows as in Lemma 3.2.
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