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A necessary condition of local controllability of a scalar-input control system is
proven. The proof is based on a general result also proven in this work on the con-
struction of a “suitable chart”.

The necessary condition of local controllability is extended to a necessary condition
of local controllability along a reference trajectory.

1 Introduction
Let us consider the following control system

{gb(t) = fo(a(t)) + u(t) f1(x(t))

x(0) =z M

where the state z(t) belongs to a C* manifold M, fy and f; are C* vector fields such that
fo(xzo) = 0 and fi1(zg) # 0. The control map ¢t — u(t) belongs to the collection U of the
integrable maps defined on [0, 1] with values in [—1, 1].

The system (1) is said to be locally controllable if, for each ¢t > 0, xo belongs to int R(x, t)
(= the interior of the reachable set from z( at time ¢). To the author’s knowledge the
necessary conditions of local controllability are the following ones (see [2, 3])

L(zo) = Toy M (2)
(L is the Lie algebra generated by fy and f1)
ad?l fo(wo) S Sl(.’bo) (3)

ad]}1 fo is defined by ady, fo = [f1, fol, aud’;c1 fo =11, ad’fcfl fo], and S* is the subspace of L
consisting of all the brackets containing f; at most k times.
In this paper the following generalization of (3) will be proven.



Theorem 1. A necessary condition for the local controllability of the system (1) is
Vr even, ad}, fo(zo) € ST (z0) . (4)

The proof of the theorem is based on a general result also proven in the paper on the
construction of a “suitable chart”.

To be more precise, let F' = {F;},., be an increasing filtration at zo of L, that is a
sequence of linear subspaces of L such that

i) F; C Fipa
i) F = UF, =1L
i>0
iii) [F;, Fj] C Fiyj
iV) VfeFy, f (1‘0) = 0.
For each f € L the weight (with respect to F) is defined by w(f) = min(i : f € F;).
Obviously w([f,g]) < w(f) +w(g), Vf, g € L.
Identifying a vector field f with the derivation Lz, the associative, non commutative

algebra of differential operators A, generated on R by L, acting on the C* functions defined
on M, can be considered. The filtration F' induces a filtration A = {4;};>¢ of the algebra

Aby A; =span{D = Ly o...0 Ly, : Zi:l w (fr) < i}. The definition of weight can be
extended to each D € A in the obvious way w(D) = min{i: D € A;}.

Theorem 2. Let ¢ : M — R be a C¥ function such that Ly (xzg) = 0 for each f € F,.
There is a C¥ function @ such that j19 (o) = j1p (o) (i.e. @ and @ coincide up to the
first order) and D (x¢) = 0 for each D € A,..

Remark 1.1. Ifr = +oo so that L (xg) # Tuy M, the construction of ¢ provides an iterative
method to construct the local integral manifold of L through xo (see Remark 2.1).

Finally if fo (z¢) # 0, (4) becomes a necessary condition of local controllability along a
reference trajectory in the following sense

Theorem 3. Let (t,zq) — exptfo (xo) be the local flow of fo. If (4) doesn’t hold, then there
is T > 0 such that Vt < T, exptfo (zo) ¢ int R (zo, t).

2 Proof of Theorem 2

Let x = {x1,...,z,} be a chart at z¢ adapted to F' in the following sense
i) x(zg) =0€R"
ii) span {8%1 (xo),..., ﬁmi (J:o)} = Fj (xo)

m,; being the dimension of F; (x¢).

Starting from any chart at x(, an adapted chart can be obtained by a linear change of
coordinates.



vy V2

The monomial z{"z5* ... zy ", v; € N, will be denoted by z. For each r = 1,...,n, the

weight w, is defined as w, = min {z : % (x0) € F; (mo)} (w, = 400 if D%T (x0) ¢ L(x0))
and the monomial ¥ is said to have degree |v| = Y7 | v; and weight |[v| = Y7 viw;.
Let m = dim L (zg) (m = n if L has full rank at xg). Let g1,...,9m € L be such that
gi (x0) = 52 (w0), i = 1,...,m. The differential operator LY o...o L¥ € A is denoted by
D¥ and |v] (J|v||) is the degree (the weight) of D”.
Moreover the set of all multiindex of “degree s and weight 7” is denoted by x(s,r) i.e.

X(Svr):{(ylv“'a’/m):yi ZO)|V|:57”V” S?”}

Notice that x(s,r) =0 if s > r.

Let ¢ be as in the Theorem 2, that is Lyp (z9) = 0,Vf € F,.. Without loss of generality
we can suppose ¢ (zg) = 0.

Let us define recursively for s < r :

1 v v
PL=0, Ps=Ps1— 1D es-1 (o) 2",
vex(sr)

where v! = 11!, .. v,!. Tt is clear that ¢ and ¢, coincide up to the first order.

a) r < 4oo
Let us prove by induction on s < r that

Ly o...oLfps(xg) =0 if Zw(fj)ST (5)
For s = 1, (5) follows by the hypothesis.
Let fi,..., fas1 be such that Y551 w (f;) <.

Lfl -0 Lfs+1905+1 (iL’o) = sz o Lf1 o Lfs+1305+1 (:L'o) + L[f17f2] ©...0 Lfs+1QDS+1 ({E()) :

Being ¢s41 = @s + (polynomial of order s 4 1), we get Lis, ¢ - ... 0 Ly, ¢st1(20) =
= Lif )00 Ly, ,0s(v0) = 0 by the inductive hypothesis, so that Ly o Ly, o---o0
Ly, 0s41(wg) = Ly,0Ly 0---0Ly  psr1(x0). In an analogous way it is possible to show
that L oo Lg  ¢si1(20) = Ly, 0~ 0Lg, ., ¢st1(x0) for each permutation o of

[1,...,s+1]. This means that Ly o---0 Ly ¢si1 (o) is a linear combination of terms of
type D" 541 (x0) with [v| =s+1 and |v|| <.
0 ifv#v

If |/ = s+ 1, DVa" (z¢) = . .
vl iy =v

Hence D" 11 (20) = DY 05 (T0) = 2 prey(st1,) Dfifl(mo)D”x”l =0.

Let us define ¢ = ¢,..

The previous arguments show that D@ (zo) = 0 if D is a differential operator of degree
and weight at most r. To get the proof it is sufficient to prove by induction on 7 that
Lg o---oLy . @(xo) = 0if Z;:lw(fj) < r. The last condition implies that there is
ke {1,...,r+i} such that f, € Fy. Weget Ly o---oLy . ¢ (x0) = Ly, 0D1$ (x0)+ D2 (0),
where D; and D are differential operator of degree r 4+ 4 — 1 and weight at most r. Hence



Ly, o D1¢ (x0) = 0 by fr(z0) = 0 and D2p (29) = 0 by the induction hypothesis and the
theorem is proven.

b) r = 400

Let N be the local integral manifold of L through xy. By a Nagano’s theorem N exists
and its dimension is m.

Let {x1,...,2,} be adapted to F' and such that ,,41 = ... = x,, = 0 are the equations
of N.

Let the function v be defined by 9 (x1,...,2,) = @ (21,...,2m,,0...0). As x = ¢n
and each f € L is tangent to NV it is sufficient to prove that the sequence {¢,} -, converges to
©=@—1,infact Lypny = Lyhn,Vf € L. Let ¥ be the Taylor expansion of ¢ up to order
s. By Lyp (z9) = OVf € L, it follows that ¢, = 0 and hence ¢1 = ¢ — 1. By the inductive
hypothesis, let o5 = ¢ — 5. We get por1 = 0 — s — 22,111 D (0 —1s) (o) /vla”.

s+l

But D" (20) = D9 (20), so that D” (¢ —vs) (x0) = DV (¢ —9s) (20) = Gz (w0) and
PYs + Z\V|:s+1 DY (¢ — ) (xo0) /V'0Y = sqr.

Remark 2.1. The previous result gives an iterative method to construct the equations of N
in the following sense.

Starting from any chart at xq it is possible, by a linear change of coordinates, to get a
chart {z1,...,x,} adapted to F and such that Lz, (z9) =0, i = m+1,...,n. Applying
the theorem and denoting x; — &; (x1,...,Tm) by ;, we get that x; = ¥; (x1,...,&m),i =
m+1,...,n, are parametric equations of N, where the parameters are “the coordinates of
the tangent space Ty, N 7.

Example 2.1. Let M = R?, fo(x,y) = (z,2y), fi(z,y) = (1, +y). Let the filtra-
tion F be defined by: Fy = span{fo}, F; = Fy + S*. We get [f1, fo] (z,y) = (1,2),
adt, (1) (2,9) = (~1)*(L,2) and [f), [fo, 1)) (z.y) = (0,2), so that F}(0,0) = F3(0,0) =
span{(1,0)}. Applying the Theorem 2 for r = 2, we get: § =y — %f%y((),())x2 =y— %xQ
and Ly, o L}‘O oLy o L’;OQ(O,O) =0 VYh,k>0.

Example 2.2. Let M = {(z,y,2) € R® : |z|, |y],|2| < 1}, fo(z,y,2) = (0,z,22/(1 + zy))),

Let the filtration F be defined by Fy = {0}, F, = span{fo, f1}, Fo» = F1 +span{[fo, f1]},
F3 = L. We get L(0) = F5(0) = {(A\,1,0): (\, ) € R?}. It is easy to see that Ly, (z —
log(1 + 2y)) = Ly (2 —log(1 + zy)) = 0. In this case Z = z —log(l + zy) and z — zs =
52 (71)2‘71% is the Taylor expansion of log(1 + xy) up to order s.

=1

3 Proof of Theorem 1

Let 7 > 0 be even and let ad} fo(z0) ¢ S™~' (). There is a C¥ function ¢ such that
v (xo) = 0, Laay, fop (o) = 1 and Ly (z9) = 0,Vf € S™~'. By the Theorem 2 applied
to the filtration Fy = span (fo), F; = Fy + S°, there is ¢ with the same properties and
D¢ (xzg) = 0 for each D € A,_;. In what follows we set ¢ = $. Moreover let ¥ be a C¥
function such that Ly 1 (zo) = 1.

We shall prove that there is 7' > 0 with the following property:

If x € R(xo,t), t <T, is such that t(x) = 0, then p(z) > 0. (P)



This shows that zg ¢ int R(zg,t). To get the proof we need some technical results on
integral inequalities.

Let the integral operator I : U — U be defined by Tu(t fo s)ds, Yu € U. Moreover
for each u € U we define I, : U — U by Lyw = I(uw), Vw eU. Let v = Tu. It is not
difficult to see that

tp_ gk
IFH L (t) :/0 (¢ k!) w(s)ds Yw e U (6)
k!

Let h = (h1,...,h;) be a multiindex with hy,...,h; > 0, we denote |h| = hy + ... + h;.
Moreover, in what follows we denote by i : [0,1] — [0, 1] the identity map i(¢t) = 1 and for
sake of simplicity we define

([5;‘ O]hjo...oI{floIhl)i(t)Zp(k7hauat) (8)

IFTw(t) = /t Mw(s)ds Yw e U (7)
0

It is not difficult to see that Vu € U,
ip(k, by, )| W 2/ lo(s)|ds (9)

if |k| > 1, [k|+|h| =£€> h1 +2, v = Tu.

Lemma 3.1. Let j > 1; hl,k‘j > 0; kl,...,kj_l,hg,...,hj >1; |]€| =r>1; |]€| + |h‘ =(>
r+1; v=TIu. Then

s

TT(QT)!(T‘i’l)ZJrl r—igl—r—i/r ! r v
s o) < OGRS o (([oras) 0

Proof. Let hy > 1. Then
Ip(k, b, t)] = |(I55 0 % ... 15 o IM)i(1)|

t _ k;
S/ Wuﬂw—lo...olﬁlOIhl)i(s)ldS
0 Jt

(i) o ).
_ (;:2__11)' (/ (Jo(®)] —]:1!11(3))’“ ds) (}flhl—_ll)!

= (h1—1§£ - Th - 1! Z Z (21) <Z>M< ot |U(S)|ild$>

11=0 i;=0

(/ t (o) fs).

Using the Hélder inequality

/Ot lu(s)|'ds < 174" (/Ot |v(3)rds>i/r, i<r (11)

IN




| Pp—
u,t
_ —1)
(hi = 1) (h; — 1) =
‘U 7 41— iy/r ij/r
Z t1 alr (/ lv(s |ds> St 19/T(/ [v(s) |ds>
lj_o
Using the equality
n 4
S =i Vi (12)
ISLERRE !
i1, 405 >0 J
i1+t =1
we get
k h te—r— i/r d
t r—1
bt z O Gty ores)

T

1@-}-1
" (2r 7“+ Z| )= igl—r— z/r(/ v (s |ds>

If h; = 0, in an analogous way we obtain

b e (i+h1) /7
— 1) I ki—i t@ r—(ki+1i)/r 1
bty < 3 =D 10 U“'@

2l kil (ha— D)l (h; —1)!
_ Z (= D* @) glr=ifr / o(s)"ds
e (k) Rl (he =D)L (B — 1)
1=R1
1 (41 T i/r
S(T—l)r k1< — I _1) (7"‘1' Zl |7' ztérz/r</ |v ds)
i=k1
Hence (10) is true also in this case. O

Corollary 3.1. Let j > 1; hy,k; > 0; ky,...,kj_1,ho,...,h; > 1; |h| + |k| = L.
Iflk|>r>1orlkl=r>1and k; =0, then

2 2
wwwmww“ﬁlﬁ”/w|m (13)

Proof. There is j' > 1, k;, < kj and k' = (kl,...,kj/,l,k;,) such that |k'| = . Hence



setting b’ = (h1,...,hj) we get £ —r — |h/| > 1 and

t@—r—|h'\—1 t
< ! I
|p(k’h’u’t)|_(l—r—|h’|71 / Ip(K', 1, u, s)|ds

té—r—|h'\—1 TT( )(7“+1 7"+|h [+1 T W .
R (/e 7 TR DL ([ 1w 'Tds> G

2@—1
< (by (11) and (12))
=0

2 2 )
< (2r)r ’+1((ZT_+1 4= 1/ lu(s)["ds.

e
o @) (- DL Y (/ [o(s) rds)

O

Corollary 3.2. Let u be such that |v(t)] < Afo |v(s)|ds for some A > 1 and let j > 1;

h1ZO;kl,...,kj,hg,...,hj21; |h‘—|—|k|—£2?”+1 |k|—7’ Then

]_Z-‘rltl r—1 t
p(k, by, )] < (2r)!rr+1AT(T+)£!/O lo(s)["ds

Proof.

=0
1— i

(14)

< (by (1)) r(2r)! (Z!Jr 1)t Arzt(l,;)(r ) (/ lo(s)|" ds) : pl—r—1 </Ot v(s)”ds)i

1=0

0+148—r—1
e G / [o(s)"ds,

using "% < 1 since t < 1.

O

Now let us prove the property (P). Let x(u,t) be the solution at time ¢ relative to the

control map u. It is known [1, 3] that there is T* > 0 such that V¢t < T*

‘P(x(ua t)) - Z (D(ka h)@) (xo)p(k, h,u, t)

||+[k]>0

where the differential operator D(k, k) is defined by
_7h k hj kj
D(k,h) = LitoLy---oLy oLy

and p(k, h,u,t) is defined by (8).
By the properties of ¢, taking into account that fq (z¢) = 0 and

r—

(I 7" oIoll)i(t) = i: <T - Z) 07 (t) /Ot(l)”i(r”_i;m(f)dT

J

(15)

(16)



and

r (r . .
n = —1)r LY L Lot 1
o fo= 30 (7)o B 2 (13)
we get
)i i " (T)dr
(@ (u, )| = ’Lfl (o) +Z noLgoLy <P(»’U0)/O A — )t
- % r—i — r i— Z () ‘ r—j
+ZLf1 o Lg, oLy "¢ (o Z J " (T)dT
=0 Jj=1 ( )
L3 e @) v+ > Dk, h)e (o) plk. b t)\
k| >r
|k +|h|>r+2

1t
> (being r even) —'/ v"(T)dr — |all other terms|
T» 0

Being ¢, fo, f1 analytic there is K, > 1 such that
|D(k, h) (z0)| < KIFHM(|k| + |h))! (19)

(see [1, 3]). Hence if ¢t and u are such that
t
lu(t)] < A/ |v(T)|d7 for some A > 1 (20)
0

we get by (13) and (14)

ot [ v iar (£ =a0)

where

T or—i

T r— T r tj I
n(t) < (AK,) rlit"™t 4+ (AK,)™ (r + 1)1 +ZZM (AK,) ' (r 4 1)
i=0 j=1

r+1 g7 (QT + 2)€+1 b—r—171-¢

|k|>r
(=IKl+Ir2r+2

, T r—1i t']7
S@OUAK ) (T e Y Y = T 2f(2r +2) T K et
=0 j=1 J:t L>r+2

The series D 5, o (2(2r + Q)KSO)H1 £t=7=2 converges to a C* function for |t| < W,
= P

so that there is 7 > 0 such that for each ¢ < T and each u satisfying (20), n(t) < . Hence
we get the proof of the property (P) by the following



Lemma 3.2. Let ¢ be an analytic function such that L1 (o) = 1. There is T* > 0 and
A >1 such that if t <T* and u satisfies P (x(u,t)) =0, then |v(t)] < Afot lv(7)|dT.

Proof. By (15) and the fact that fo (z¢) = 0 we get

Y(a(u,t) = Ly (@o) v(t) + Y Ly, o Ly (o) (I 0 L)i(t)

i>1

+ > Dk, h)i (wo) p(k, by u, t) = v(t) + p().
[k|>2

Hence if ¥(z(u,t)) = 0, by (13) and (19) we get

46 t
) =l < S 2Z2ﬁK§,M—2/ lo(r)|dr
iz 7D 0

< /0 ()7 - 37 2(8K,) 02,

£>2

The series ) ,v, (SK,/,)Z £t'=2 converges to an increasing C“ function for 0 < t < ﬁ and
the lemma is proven. O

4 Proof of Theorem 3

The proof is a slight modification of the one of the Theorem 1. First of all we need a C¥
map ¢ such that

1) Laag, fo (x0) =1
i) LMoLk oo L o LR 3 (wg) = 0if k| <7 — 1.
To get such a ¢ let us start by a ¢ such that

Lad’f”1 fo@(x()) = 17 LfSD (xO) =0 Vf S ST71

and Ly, = ¢ (constant in a neighbourhood of ).
Let us apply Theorem 2 to the filtration F given by Fy = {0}, F; = S*, starting from an
adapted chart with the following properties:

a) If fo(wo) ¢ S"™1 (x0) we choose 1,...,x, such that Lyx; =0 i=1,...,m,_1

b) If fo (zo) € S™1 (20), let k = max {j : fo (z0) & S’ (w0) }; we choose 1, ..., z, such that
Lpxm,+1=1and Lyz; =0 j#mp+ 1.

In both cases a) and b) we get
Liyp=Lpp=c (21)

In the case a) @ = ¢+ (a function depending only on z1,...,z,,,.) and (21) can be easily
proven.



Concerning the case b) we shall prove Ls,¢s = Ly, by induction on s.

D" ps (o)

L
Py fo

Ly,wo1 =Lsp=c Ljpst1 = (see Section 2) Ly ps — Z
vex(s+1,r—1)

If v, =0, then Ly x” = 0. If vy, # 0, then
D¥py(w0) = Ly, © LZ:Z; 0--+0 ngil 00 L;‘Ps(-ro)
= (by the choice of the chart) Ly, o D" py(x0)
= D" 0 fops(wo) + D" (o)

where D¥', D*" € A™!. Hence D" o fops(xg) = D”'¢ = 0, D" py(z0) = 0 and (21) is
proven.

By (21) the proof of ii) follows easily.

In what follows we set ¢ = @.

Let ¢ be a C¥ function such that Ly 1 (z9) = 1. We shall prove that there is T > 0
with the following property:

If x € R(xo,t),t <T, is such that ¥ (z) = ¢ (exptfo (x0)),
then (z) > p(exptfo(z0)).

In fact p(z(u,t)) —p(exptfo(zo)) = X 5>, Dk, h)@(z0)p(k, b, u, t) and we get the property
(P’) as the property (P) in Section 3 by the following

(P")

Lemma 4.1. Let ¢ be an analytic function such that Ly (xo) = 1. There is T* > 0
and A > 1 such that if t < T* and u satisfies P (x(u,t)) = Y(exptfo(zo)), then |v(t)| <
Afo [v(7)|dT.

Proof. By (15) we get

(a(u,1)) — lexptfol(wo)) = 3 L, 0 Ly, t(wo) / %u(s)ds

>0
+ ) Ly o L (w) (I' o L) i(t) + Y D(k,h)p (xo) plk, b, u, t)
i>1 |k >2
t i1
ZLf oLy ZLfo oLy )/ mv(s)ds + (the other terms).
>0 i>1

Hence by (13) and (19) we get

, t
v(t) 1+ZL}OOLJ’1¢($0)Z‘T < Z Kd)@'? té 2/ |v(T)|dT.

i>1 |k|>1
e=|h|+]k|>2

The series Y ;5 L o Ly, 4 (o) t, converges to a C* function p(t) for 0 < ¢ < K%b p(0) =0,
so there is T3 such that p(t) > —3 for each t < T1.

10



We get for each t < T3
t t
o(t)] < 237 202Kt At / o(r)ldr =43 (8Ky)" b2 / lo(7)|dr-
0>2 0 0>2 0

The proof follows as in Lemma 3.2. O
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