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I[dentities in the Lie Algebra of Vector Fields
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Abstract

In the present study, it is proved that many identities that are satisfied
in the Lie algebra of vector fields on the real line are a consequence of just
one of these identities: T4 = 0. The article discusses the hypothesis that
the algebra by general by k vector fields on the real line is isomorphic to
a universal Ty-algebra with k generators &y.

Introduction

The concept of the functional dimension of a representation is well known in
the theory of finite-dimensional representations of Lie groups (cf. [1, 2]). This
concept is less self-evident for the case in which the Lie group is itself infinite-
dimensional, and there are a number of different approaches to a definition (cf.
[3]). One approach is associated with the algebraic structure of Lie algebras of
vector fields on finite-dimensional manifolds. It was discovered comparatively
recently that nontrivial identities are satisfied in these Lie algebras (cf. [4] and
the literature cited there). That is, suppose that

Te = Ti(z1, 22, ..., 23 y) = Alt(ad 21 - - -ad )y (1)

where Alt denotes the alternating sum over all permutations of the variables.

Simple calculations (cf., for example, [4]) show that the identity T = 0 is
satisfied in the algebra Vect(M™) of vector fields on an n-dimensional manifold
M™ when k > (n+1)2.

Correspondingly, the identity Ty = 0 is satisfied in the Lie algebra Vect(R')
of vector fields on the real line. Note that if M is an arbitrary manifold (pos-
sibly infinite-dimensional) and if P is a one-dimensional bundle on M, all the
identities of the Lie algebra Vect(R!), in particular, the identity T) = 0, are
satisfied in the Lie algebra Vect(M, P) of all vector fields on M that are tangent
to the fibers of P.

Let us consider the category Ay of all Lie algebras with k& generators that
may be realized as subalgebras in Vect(M, P), where P is a one-dimensional
bundle. (Morphisms in this category are homomorphisms of the Lie algebra that
carries generators into generators.) Let us prove that there exists a universal

*Originally published as Keldysh Inst. Prikl. Mat. Preprint No. 135. USSR Academy of
Sciences, 1984. Translated by Robert M. Silvermann.



object by in Ax. We introduce a countable number of independent variables cpg ,
1<j<k-1,i=0,1,2,..., and define the operator & in C[¢!| by the formula

k—1 o

7=3 vlgo— ©)

j=1i=1

The operator 2 may be interpreted as a linear vector field on an infinite-
dimensional space M with coordinates ¢]. Suppose that P is a one-dimensional
bundle generated by the field 2. We denote by hj the Lie algebra generated by
the k vector fields

2,009,...,0619.

By construction, hy is an object of the category Ay. If h is another object
of Ay generated by the fields

§0,81,.., &1 € Vect(M, ]5)7

then there will exist a homomorphism 7 : hy — b that carries ¥ into &, and
0b2 into &, 1 < i < k— 1. In fact, we need only verify that for any Lie
polynomial L(x1,...,x), it follows from the equality L(Z, v} 2, .. ., w’g*l@) =
0 that L(&,...,&k—1) = 0. It may be assumed that, in appropriate coordinates
(zo,21,...) on M, the bundle P is locally rectified and is generated by the field
&0 = 90/0xg. (We will not go into the details of the theory of vector fields on
infinite-dimensional manifolds, since this is not essential to the purely algebraic
discussions that follow.) The fields &; assume the form §; = y;0/0x0, where
y; are certain smooth functions on M. The field L(&,...,&—1) = 0 may be
written in the form

p (yl’ R OYr—1 0 yk—l) 0

ey Y1y -
Y aax07 ’ 8%0 ) ) ang 8$0’

where P is a polynomial. At the same time, L(Z, 042, ..., 08 'Z) may be
written in the form

P((p(]j7""(pgil7spi7"'7splf71""7@5;1_1)@'

By definition, this expression must equal 0, whence P = 0, and the assertion is
proved. Thereby we have also proved the universality of by.

Now suppose that Ay, is the category of Lie algebras with k generators in
which the identity Ty = 0 is satisfied. We will call the objects of %), Lie Ty-
algebras. There is also a universal object in this category, which we denote by
8. It is the quotient algebra of a free algebra with k generators in each ideal
generated by elements of the form Ty(z1, x2, x3, 24;Y).

The algebras b, and &, share a number of features (cf. Theorems 1 to 4
below), which lead us to the hypothesis that they might be isomorphic. More
precisely, we suppose that the canonical epimorphism 7 : & — by, which exists
by virtue of the definition of &y, is in fact an isomorphism.

The algebras of vector fields on manifolds are differentiation algebras of the
commutative associative algebras of functions on these manifolds. We begin our
study of & by constructing for it a commutative associative algebra A(®y) C
End(®y) (by analogy with the algebras of vector fields) such that & acts on



the algebra A(®y) by means of differentiations, and moreover, the mapping
&) — Der A(&y,) specified by this action is a morphism of A(&)-modules.

In Section 2 we present a “free algebra theorem” for the Lie algebras by,
which may be considered an analog of the well-known Shirshov theorem [6] on
the subalgebras of a free Lie algebra.

Proofs of these results are given below in Section 3.

1 Statement of fundamental results

The following fact will guide our discussion in the construction of the algebra
A(By).

If z; = x;(t)d/dt, y = y(t)d/dt are elements of Vect(R!), then it may be
verified directly that

Ty T2 T3
. — ! ! !
T3(wy, w2, 03;y) = =2 |2y @y 23|y (3)
1
Ty Ty T3

This means that the operator
a(xy,x2,x3) = Alt(ad z1 ad x4 ad x3)
is an operator for multiplication by a function in Vect(R?!).

Theorem 1. For any Lie Ty-algebra &, the operators a(x1,x2,23), ©; € &,
generate a commutative subalgebra A(®) in End(®).

The following lemma reveals to some extent the structure of the subalgebra
A(®) in the case & = by,

Lemma 1. The quotient field B(by) of the algebra A(hy) consists of all rational
functions of ¢!, 1< j<k—1,i=0,1,....

Proof. Suppose that a € A(hg) is such that Z(a) # 0 (for example, a =
(2,089, 019)). Then

(¢12)(a) = ¢}(Z(a) € Albr).

Hence

vl = (9] 2(0)(2(a)"" € B(b). o

Theorem 2. Suppose that & is a Lie Ty-algebra and that £ € & and a,a1,a2 €
A(®). Then:

1. [ad§,a] € A(®),
2. [ad&,araz] = [ad &, a1]as + a1[ad &, as).
Thus, the action of & on A(®) may be determined by the formula
§(a) = [ad &, d] (4)

and the action operators will constitute differentiations of the algebra A(&). In
the case ® = Vect(R!), this action coincides with the ordinary action of vector
fields on functions.



Suppose that A is an arbitrary commutative algebra, and that Der A is the
Lie differentiation algebra of A. Clearly, Der A is an A-module relative to the
operation

(ag)(b) = a - &(b). ()

We suppose that p C Der A is simultaneously a Lie subalgebra and an A-

submodule. We will call p an A-subalgebra. Then for £&,n € p, a,b € A, we
have the following equalities:

&(a)n = [ad €, aln, (6)

[ag, by] = a&(b)n — bn(a)§ + ab[€, 7). (7)

Indeed,
[ad &, aln = ad £(an) — aad{(n) = [£, an] — al¢, n] = San — ang — a[¢, 7]
= &(a)n + a&n — ang — alg,n] = &(a)n,
and (7) follows from (6):

[§, bn] = ad &§(bn) = [ad &, bln + bad §(n) = £(b)n + b[E, 7).

Theorem 3. For any Lie Ty-algebra &, the mapping of & into Der A(®) spec-
ified by (4) is a morphism of A(®)-modules, so that its image p is an A(®)-
subalgebra in Der A(®).

As a module over an algebra of functions, the Lie algebra Vect(M, P) pos-
sesses yet another property. That is, any two elements of Vect(M, P) are linearly
dependent over an algebra of functions.

Theorem 4. Suppose that & is a Lie Ty-algebra. For any £,mn € & and any
a € A(®),
&(a)n = n(a)é. (8)

Note that (8) is self-evident for bhy:

P(p)2(a)Q(p)7 = Q(p)Z(a) P(0) 2.

2 Free algebra theorem

The fundamental result of the present section is the following assertion.

Theorem 5. Any subalgebra in b generated by two linearly independent ele-
ments is isomorphic to bs.

Proof. Suppose that the subalgebra b C by, is generated by the elements P(p)2
and Q(¢)2, where

¥ = (()0(1)5""90]5_17”' §---<P]1€v_1)a
and that the polynomials P and @ are linearly independent. Our goal is to
prove that the mapping 7 : hs — h, which exists by virtue of the universality
of ha, possesses the property that Ker 7 = {0}. Let us represent 7 in the form of
a composition of two mappings. For this purpose, we consider the Lie algebra &



of expressions of the form R(yp)%, where R is a rational function with a natural
law of commutativity:

[Rl((p)@, RQ(@)@] = (R1@R2 — RQ@Rl)@
Suppose that 7; is a homomorphism of hs into & that carries 2 into  and
042 into S(p)2, where S(¢p) is a not constant function.
Lemma 2. Kerm = {0}.

Proof. Suppose that L(x1,x2) is a Lie polynomial that does not vanish under
the substitution z; = 2, 29 = ¢} 2. Then

L(2,042) = P4, ¢1, - - - 9on) 7,

where Py, is some polynomial. Therefore,

L<@7S(SD)@):PL(1/JO771/)N)@7

where ¢, = 2*8S.

It remains for us to check the algebraic independence of the variables 1o, ...,
tn. For this purpose, we arrange the variables ¢! so that the effect of 7 is
to increase the ordinal number of the variable. (Lexicographic ordering, for
example, would be appropriate.) Suppose that n(S) is the greatest ordinal
number such that 05/9¢,, # 0. Then

(o) = n(S) <n(ihr) <--- <n(yn). O

Now let us consider the homomorphism 7 of the algebra 71 (h2) into & that
carries elements of ¥ and S into P2 and PSZ, respectively. The existence
of 75 is guaranteed by Lemma 2 and the universality of hs.

Lemma 3. If P # 0, then Ker o = {0}.

Proof. The proof of the lemma is similar to the preceding proof. If
L(2,59) = PL(%o,...,¥N)2,

then

L(P9,PS5%2)= Pr(by,...,0N)P2,
where 0, = (P()2)%S. The algebraic independence of the variables 6y, ..., 0x
may be verified as above. The lemma is proved. O

The assertion of the theorem follows from Lemmas 2 and 3 if we set S =

Q/P. O

By means of Theorems 1 to 5, we may find numerous subalgebras in &, that
are isomorphic to bs.

Lemma 4. If a € A(®) so that w(a) # 0, then the subalgebra b, ; in &y
generated by & and ag, is isomorphic to the Lie algebra ba.



Proof. Under the canonical homomorphism 7 : &, — by,

PR

hy «———— m(bay)

the algebra b, ; is mapped onto the algebra (b, ;) that is generated by the
linearly independent elements ¢’ 2, m(a)ph 2, and consequently, by Theo-
rem 5, the Lie algebra m(b, ;) is isomorphic to the Lie algebra h,. Since ¢; is a
differentiation of the algebra A(®}), and since the commutative algebra

B(b?):(C[()O079017"'7§0N7"']

is mapped homomorphically into A(&y),
P07 Qyevv s P _>€Zn(a),

so that A(h2) onte A(bg,;), then the mapping of generators 7: 2 — &, 992 —
a&; is continued to a homomorphism of the Lie algebra by onto b ;.

All three mappings 7, 7, and o carry generators into generators, and conse-
quently o o 7w o7 = id, and also 7 is an isomorphism of the Lie algebras hs and
bo,i- The lemma is proved. O

From this lemma we obtain the following assertion.

Corollary. To prove the isomorphism between &4 and b, it is necessary and
sufficient to prove that ®o is canonically isomorphic to two of its own subalge-
bras, namely those that are generated by &1, [£1,&2] and &1, [[€1,&2), &2], respec-
tively.

The necessity follows from Theorem 5; and sufficiency, from Lemma 4, ap-
plied to

a=a(&1,82,[61,&])-

3 Proofs of Theorems 1 to 4

To avoid cumbersome notation, we will denote alternation by the index of the
sum of products of operators of ad &, omitting the symbols Alt and ad, i.e.,
the notation &;&anés will denote the operator Alte(ad&; ad&sadnadé&s) and
similarly

§162[n&3](C) = Alte(ad &1 ad & ad([n, 3])(€) = Alte[€1[E[[n€3]C]]]-

To prove Theorem 1, we will require an equivalent form of the identity T, = 0
which is of independent interest.

Proposition 1. The identity Ty = 0 is equivalent to

n€16§283 — 26162183 = 0. 9)



Proof. Writing Ty (n,&1,&2,£3:C) = (n&1£283 — §1n&2&3 + &162més — £1&263m)(C),

using Jacobi’s identity and anticommutativity, we insert n at the rightmost
position, replacing (:

—§162631(C) = £16283¢(n),
§162m&3(C) = &1€2[n, &31(C) + &16263n(C)
= (£1£2¢63 — £16263C) (1)
—&1n6283(C) = —&1l[n, €21, &31(C) — &16263n(C)
= (—&1C&283 + £16263¢) ().

In this last case and in what follows, we express 77 at once in terms of two
variables, since £; and & are alternating, while the other two terms are reduced:

n€1£283(C) = [[n, &1, €2]€3(C) + €162m€3(C)
= [[[n, 11, €21, &31(C) + &3, €11, §2](C) + €1€2mé3(C)
(—C616283 + £1CEa83 + £182CE3 — £16263(0) ().

Adding together these equalities, term by term, yields the desired formula. [

Corollary. In a Lie Ty-algebra, £1&amésés = 0, since
0 = n&1828384 = 26182mE384- (10)

Now let us prove Theorem 1. In accordance with our stipulations about
notation, the commutator of the two operators a(&1, &2, &3) and a(n1,72,73) has
the form

515253771772773 - 771772773515253-

Let us consider “randomizing” permutations of this expression, that is, operators
that may be constructed by alternating the two triples of elements

ad&y,ad &r,ad €3 and adn,adng,adns

within each of which an alternation occurs. It is easier to prove that all these
operators are equal to zero simultaneously than to prove that just the first one
is equal to zero.

There are precisely 10 pairs:

L &1&283mmans — mmn2ns€i&als

IL &1&omi&smans — mn2€1nséals
T &1&ammn28€sns — mn28182msés
IV. &&ammnansés — mmn2618283m3
V. &im&a&smans — méinanséals
VL &1 &an28sns — m&in28ansés
VIL &imi&anensés — mé&in2€a8sns
VIIL. &imn2828€sns — méi&anansés
IX. &immna&ansés — méi&sn28sns
X &immanzéads — mé&1€283m2ms



Like identities (9) and (10), the identity T4 = 0 yields a linear dependence
between them:

I+IV=0 since &1&2&smmens = 261 &amn28&3ns (identity (9),
written for ni,m2,1m3,&3) = 2 Oy &i&2[n1, n2lé3ns =
mn26§1§263n3 (identity (9) for &1, 82,83, [11,72]) and
analogously 717273818283 = §182m1m211383

[-2-TUT=0 since &1&283mmn2ns = 26152m 2833

[-2-VIII =0 since §1&&mmens =O¢ &1[62,&3lmmans = 2 O¢
Smnz(€2, &3 = 26mn2é283ns (identity (9) for

5 771777277]3’[52753})

5 I-II=0 sinceI—II4+1III -1V =0 (T4(&3, 71,72, 73; - - - ) = 0)

2-11 + X=0 since 261527]1537]27]3 = 7715162&37]27’]3 (identity (9) for
£1a£2,£37n1)

12—3'I—V:0 since I —II+V+X=0 (Ty(&1,&2,&3,m5...) =0)

IV-2.IX =0 since & &ammnanzés = 2§1mmn282m3€s (identity (9) for

M1,72,M3,&2)
6:-1-VI=0 sincel-II+III+V —-VI+VIII=0

(T4(§2,£3,771,772; . ) = 0)
%-I—VH =0 sinceV-VII+IX-X =0 (T4(771,§2,172,173; .. .) = 0)

Identity (10) yields one more linear equation independent of the preceding
equations:

0 =11 — Il — VIII - VII = (1)121,

Hence the assertion of Theorem 1 follows.

Proof of Theorem 2. Let us prove that

[ad &, a (71, m2,m3)] = a ([§,m],m2,m3)+a (1, [, m2) s m3)+a (1,12, [§,m3]) - (11)

In fact,

Emmnans — mn2nzé = Emnans — ménenz + ni&nans — mn2énz
+ mm2éns — ninansé
= [&,m]m2ns +m1 [, m2] ns + mn2 [€, n3] -

Here alternation occurs with respect to 71,72,73. But if we group the terms
containing

[57771] ’ [’57772] ) [fanﬂ

we obtain (11), and consequently, Assertion 1 of Theorem 2 for the generators
of the algebra A(®). Assertion 2 is a corollary of the fact that the commutator
is a differentiation. In our case,

[ad &, aras] = ad Earas — ajaz ad €

ad 50,1(12 — a1 ad §a2 + a1 ad fag — a1a9 adf
[ad €, a1] az + aq [ad €, az] .

Hence Assertion 1 follows for an arbitrary a € A(®). O



Proof of Theorem 3. It is necessary and sufficient to prove that Equation (5) is
satisfied for the Lie Ty-algebra & and both the algebras A(®) C End & defined
in Section 1 and the action of & on A(®); that is, to prove that

a(§)(b) = a&(b)

for £ € &,a,b € A(®) under the condition that

¢(a) := [ad &, al.
It is sufficient to verify this fact for a = a ({1, (2, (3):
[ad G,(g), b] = [ad[CI [C2 [CBa g”]a b] (Since ad[év 77} = [adga ad 77])
= [lad C1[ad G2[ad G5, ad £]]], b]
= [(1C2GE, 0] — [C1¢2€Cs, 0] — [G16¢2G3, b] + [£¢1¢2C5, 0]
= alad &, b] + [C1[C2€]¢3, ).

But
&(a) = [ad &, a] = £C1¢aCs — Ci1¢aC3E — Ty (€, ¢, G2, (3)

= (16203 — (162603 = (1[€, (2)é3 € A(®),

which consequently commutes with b € A(®) = [ad a(§),b] = alad&,b]. Theo-
rem 3 is proved. O

Proof of Theorem 4. For this proof, we will use only the equality

€(a) = G1[€¢2I¢s
for £ € 6, a =a((1,(2,(3) € A(®). Then

§(a)n = C1[€¢2]¢3(n)

by Jacobi’s identity, and also

= (1[[£¢2]¢5](n) + C1¢lE¢](n)

= —(1n¢362(8) + C1¢3nCa(§)

= ((1mC2Gs — C1¢21G3)(§) = C1[nC2]¢3(§)

=n(a)¢. O
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