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A formula for the solution of a boundary value problem
for the stationary equation of Brownian motion

Ju. P. Gor’kov*

The present note is devoted to the solution of the following boundary value problem: find
a function u(x, y), continuous and bounded in the region E[x ≤ 0,−∞ < y < ∞], satisfying
for x < 0 the equation

Lu ≡ uyy − yux = f(x, y) (1)

and coinciding with the function φ(y) for x = 0, y ≤ 0.
The equation (1) occurs in the study of Brownian motion, and it has been discussed in the

papers [1, 2, 3] in connection with various mathematical problems. Let us also remark that
the equation (1) belongs to the class of hypoelliptic second-order equations; boundary value
problems for equations of this type have been studied in the papers [4, 5].

Suppose the following conditions are satisfied:

1. supx,y |f(x, y)| <∞, (x, y) ∈ E;

2. f(x, y) ∈ Cα,β(E), 1/3 < α, 0 < β;

3.
∫ 0

−∞

∫∞
−∞ |f(x, y)| (x2 + y2) dxdy <∞;

4. φ(y) is continuous and |φ(y)| < C0

(
1 + |y|δ

)
, where C0 > 0, 0 ≤ δ < 1/2.

Let

Φ(x, y, ξ, η) =

√
3

2π

∫ ∞
0

1

t2
exp

{
−(y − η)2

4t
− 3

t3

(
x− ξ +

y + η

2
t

)2
}

dt.

Then, because the function

z(x, y) = −
∫ 0

−∞

∫ ∞
−∞

f(ξ, η)Φ(x,−y, ξ,−η)dξdη

satisfies equation (1) as well as condition 4) (for x = 0), it follows that the solution of the
indicated problem has to be found only for f ≡ 0.

Let us proceed to the derivation of a formula for the solution of the problem. Suppose
u(x, y) satisfies (1) for f(x, y) ≡ 0 and the boundary condition

u(0, y) = ϕ(y), y 6 0. (2)
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Integrating both sides of the identity Φ(x, y, ξ, η)Lu = 0 over the region x ≤ 0, −∞ < y <∞,
we then get the equality

u(ξ, η) +

∫ ∞
−∞

yu(0, y)Φ(0, y, ξ, η) dy = 0 (3)

Now let ξ → 0 in this equality, denote u(0, η) by µ(η), and use the relation

Φ(0, y, 0, η) =

√
3

2π

1

y3 + yη + η2

Then we get for µ(η) the equation

µ(η) +

√
3

2π

∫ ∞
0

τ

τ 2 + τ + 1
µ(ητ) dτ = f0(η), f0(η) = −

∫ 0

−∞
yϕ(y)Φ(0, y, 0, η) dy. (4)

The solution of (4) can be found in explicit form. In fact, if one applies the Mellin transform
to the left-hand right-hand sides of (4), then one obtains the new equation

µ̃(s) +

√
3

2π

∫ ∞
0

τ

τ 2 + τ + 1

[∫ ∞
0

µ(ητ)ηs−1 dη

]
dτ = f̃0(s)(

µ̃(s) =

∫ ∞
0

µ(η) · ηs−1 dη

)
.

It follows that

µ̃(s) +

√
3

2π
µ̃(s)

∫ ∞
0

τ 1−s

τ 2 + τ + 1
dτ = f̃0(s).

Now let s = 1 + iγ,−∞ < γ <∞. Then∫ ∞
0

τ 1−s

τ 2 + τ + 1
dτ =

2π√
3

1

1 + 2 cosh 2
3
πγ

and

µ̃(s) = f̃0(s)−
1

4
f̃0(s)

1

cos2 1
3
π(1− s)

(5)

Applying the inverse Mellin transform to both sides of (5), one gets

µ(η) = f0(η)− 1

8πi

∫ 1+i∞

1−i∞
f0(s)

η−s

cos2 1
3
π(1− s)

ds

If we now make use of the formula (13) of [7], §6.1, and take into account that

1

2πi

∫ 1+i∞

1−i∞

η−s

cos2 1
3
πs

ds =
3

2πi
η

3
2

∫ 5
6
+i∞

5
6
−i∞

η−3γ

sin2 πγ
dγ =

9

π2
η

3
2

ln η

η3 − 1

(see (20) in [7], §7.2), then we get

1

2πi

∫ 1+i∞

1−i∞
f0(s)

η−s

cos2 1
3
π(1− s)

ds =
9

π2

∫ ∞
0

f0(ηρ)ρ
3
2

ln ρ

ρ3 − 1
dρ
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Hence

µ(η) = f0(η)− 9

4π2

∫ ∞
0

f0(ηρ)
ρ

3
2 ln ρ

ρ3 − 1
dρ (6)

The expression (6) can be written in a simpler form if one makes use of the equality∫ ∞
0

1

y2 + yηρ+ η2ρ2
ρ

3
2 ln ρ

ρ3 − 1
dρ =

4π2

9

1

y2 + yη + η2
+

4π2

3
√

3

|y| 12η 1
2

y3 − η3

where f0(η) has been replaced by its explicit value (see above).
Finally we have

µ(η) =
3

2π

∫ ∞
0

τ
3
2

τ 3 + 1
ϕ(−τη) dτ. (7)

The relations (3) and (7) lead to the following formula for the solution of the problem (1), (2)
(for f(x, y) = 0):

u(x, y) =

∫ 0

−∞
γϕ(γ)G(x, y, γ) dγ, (8)

where

G(x, y, γ) =
3

2π

∫ ∞
0

τ
3
2

τ 3 + 1
Φ(0,−τγ, x, y) dτ − Φ(0, γ, x, y). (9)

The function u(x, y) given by (8) does indeed satisfy equation (1). This is an immediate
consequence of the fact that LΦ(ξ, η, x, y) = 0 for x 6= ξ. In order to verify the formula (8) it
is also necessary to check that u(x, y) → φ (y0) when x → −0, y → y0 (y0 ≤ 0). This can be
done by use of the equality G(0, y, γ) ≡ 0 for y < 0, γ < 0.

Let us now write down the formula for the solution of the problem (1), (2):

u(x, y) =

∫ 0

−∞
γϕ(γ)G(x, y, γ) dγ

−
∫ 0

−∞

∫ ∞
−∞

f(ξ, η)

[
Φ(x, y, ξ, η)−

∫ 0

−∞
γΦ(0, γ, ξ, η)G(x, y, γ) dγ

]
dξ dη.

(10)

If f(x, y) is defined in the whole plane and if it satisfies the same conditions for x ≥ 0 as it
does for x ≤ 0 (see 1)-3)), then the solution of the problem (1), (2) can be continued to the
right half-plane across the semiaxis y ≥ 0. The formula for the solution in the plane cut along
the negative y-axis, including the origin, is written in similar fashion.

Now let f(x, y) ≡ 0 and φ(y) = |y|δ, 0 < δ < 1
2
. One can show that in this case the solution

to the problem (1), (2) has the form

u(x, y) = µ̄(x, y)
(
|x|

δ
3 + yδ

)
,

where 0 < µ0 ≤ µ̄(x, y) ≤ M1 (x ≤ 0, −∞ < y < ∞). It follows easily from this fact that
the problem (1), (2) has a unique solution in the class of functions growing not faster than
M
(
|x|δ/3 + |y|δ

)
.

Let us now consider the asymptotic behavior of the function G(x, y, γ) as x2 + y2 →∞ for
finite γ. First we remark that if φ(y) = c1/y + c2/y

2 +O (1/y3) as y → −∞, then

µ(y) = −c1/2y + c2/y
2 +O

(
1/y

5
2

)
as y → +∞
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(see [7]). Further, if φ(y) = a1y + a2y
2 + a3y

3 +O (y4) as y → −0, then

µ(y) =
3

2π

∫ 0

−∞

ϕ(ζ)

|ζ| 32
dζ · y

1
2 + a1y −

a2
2
y2 + a3y

3 +O
(
y

7
2

)
as y → +0.

Taking these formula into account on easily deduces that G(x, y, γ) has the representation

G(x, y, γ) =
3

2π

∫ ∞
0

Φ(0, ν, θ, 1)− Φ(0, 0, θ, 1)

ν
3
2

dν +
|γ| 12
y

5
2

+O

(
1

y4

)
for y > 0,|θ| ≤ θ0, θ = x/y3;

G(x, y, γ) =
3

2π

∫ ∞
0

Φ(1, ν, 0, s)− Φ(1, 0, 0, s)

ν
3
2

dν
|γ| 12
|x| 32

+O

(
1

|x| 43

)

for |s| ≤ s0, s = y/|x| 13 ;

G(x, y, γ) =
3

2π

∫ ∞
0

Φ(0, ν, r,−1)− Φ(0, 0, r,−1)

ν
3
2

dν
|γ| 12
|y| 52

+O

(
1

y4

)
for y < 0, |r| ≤ r0, r = x/|y|3 ; γ < 0, |γ| ≤ γ0, x ≤ 0.

To conclude we will briefly consider the results from a probabilistic point of view, con-
fining ourselves for simplicity to a homogeneous equation (f(x, y) ≡ 0). For a more natural
probabilistic interpretation, it is convenient to rewrite the problem (1), (2) in the form

L1u ≡
1

2

∂2u

∂y2
+ y

∂u

∂x
= 0, x < 0, −∞ < y <∞,

u|y>0,x=0 = ϕ
(
−2

1
3y
)
≡ ϕ1(y).

(1′)

The operator L1 is the infinitesimal generator of a two-dimensional Markov process, which can
be described by a system of stochastic differential equations:

dX(t) = Y (t) dt,

dY (t) = dω(t),
(11)

where ω(t) is the standard Wiener process. The probabilistic representation of the solution of
the problem (1′) is easily obtained from the general theory of Markov processes. More precisely,
if we denote by Ex,y(·) the mathematical expectation that corresponds to the solution of the
system (11) with the initial condition X(0) = x, Y (0) = y, then (see [6])

u(x, y) = Ex,yφ1(Y (τ)) =

∫ ∞
0

p(x, y, γ)ϕ1(γ) dγ (12)

where p(x, y, γ)∆γ = Px,y{Y (τ) ∈ [γ, γ+ ∆γ]}+o(∆γ) as ∆γ → 0, and where τ is the moment
of first passage of the process (11) on the half-line y > 0. It follows from the representation (8)
and (12) that

p(x, y, γ) = −4
1
3γG

(
x,−2

1
3y,−2

1
3γ
)
.
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