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The partial differential equation yuz + uyy = 0 is solved in a vertical
strip. The method is first to solve the equation in the upper and lower
halves of the strip. By matching v and wu, across the z-axis a singular in-
tegral equation for us(x, 0) is obtained. This is converted into an equation
with Cauchy kernel whose solutions are explicitly known.
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In this report we consider the linear partial differential equation

(1.1) Yuz + Uyy =0

in a vertical strip 0 < x < 1, —o0 < y < 00, together with the boundary data
(1.2) u(0,y) = Up(y) ify <0,

u(l,y) =Ui(y) ify>0.

This problem arises in the study of a randomly accelerated particle moving in
the interval (0,1). Let £(¢) be the position of the particle at time ¢, and ¢; the
first time when £(¢) = 0 or 1. The velocity v(t) is given by a Brownian motion
process,

E{Av} =0, FE{(Av)?} =0At,

where E{ } denotes expected value and we normalize by taking 02 = 2. Equa-
tion (1.1) is the steady state form of the backward equation for the vector
Markov process (£(t),v(t)). The probabilistic interpretation of u(z,y) is as a
conditional expected value:

(1.3) u(z,y) = E{Us[v(t1)][€(0) = z,v(0) =y},

where Uz (y) = Up(y) if y < 0, Uaz(y) = Ur(y) if y > 0.



Our object is to give a fairly explicit formula for u(z,y). The method is first
to solve (1.1) separately in the upper and lower halves of the strip. This is done
in §’s 2 and 3 using Fourier transforms and constructing Green’s functions. By
matching u and u, across the z-axis a singular integral equation for u,(z,0) is
obtained in §4. This is converted into an integral equation of the second kind
with Cauchy kernel whose solutions are known explicitly. In §5 a uniqueness
theorem is proved. By probabilistic methods it can be shown that the solution
u of (1.1)-(1.2) which we get actually is given by (1.3). However, this is not
done here.

This report was initiated by a conversation at the Mathematics Research
Center between S. Agmon and the author. Agmon later made several more
helpful suggestions, and in particular pointed out that the integral equation
(4.3) can be reduced to an equation of the second kind with Cauchy kernel.
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In this section, we shall consider the equation

(2.1) — YUy +Uyy =0

in the upper half-plane y > 0, with the boundary data
(2.2) v(z,0) = ¢(x), —oo<z<o0.

It is assumed that ¢ is continuous with compact support, that ¥ (xz) = 0 for
x < 0, and that ¢’ is continuous except at 0 and 1. Let © be the Fourier
transform in the variable z:

1 e ;
o(r,y) = E/ v(z,y)e™dz, y>0.

This changes (2.1) into the ordinary differential equation
(2.3) Dyy +iTy0 =0

whose solutions are given in terms of Bessel functions of orders +1/3 as follows.

Let 5 )
. 3\z
z== (i .
5 (i7y”)
Occasionally we must consider not merely real 7 but complex 7 = 7 + i72 in

the upper half-plane. Let us agree that

3
<argirt < 57 arg(ita)® = Nargira

Nl

for any @ > 0 and A. In particular, z belongs to the quadrant @ : 7/4 < argz <
3w /4. The general solution of (2.3) is

b = (ity)? |:A(T)J 1(z) + B(1)J
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We want a solution of (2.1) which is 0 for z < 0 and tends rapidly to 0 as
x — o00. Therefore, we choose the coefficients A(7) and B(7) so that

(2.4) o(r,y) = (1) H(z),

where the function H is defined as follows. For z € Q

Jo(z) = {e™ W, (2i2) + e T Wy, (—2i2) },

where ¢ = 1 (n+ 3) and Wy, = Wo _,, is Whittaker’s funciton, which has the
asymptotic expansion as z — oo in @)

(2.5) Won(2iz) =e 414> a;z77 +0(z"™) ¢,
j=1

§1(8i)a; = ﬁ {4n® — (20 - 1)*}.
=1

See [WW, p. 362]. Writing W = W, 1 for short,

i +e 12
J () = W(—2
_1(2) + e Ju(z) @)} (—2iz)
Let
(2.6) H(z) = C127 s W(—2iz),

where the constant Cy is chosen so that H(0) = 1. Then H(z) tends exponen-
tially to 0 as z — oo in @, and since H is analytic the same is true of each
derivative H®)(z). The function H has the convergent expansion about 0

- 2 L
H(z) = 1+ power series in z? 4+ Cy23 (power series in 2?).

Since 9 is a product in (2.4), v is the convolution (in z) of ¢ and the function
G whose transform G = H. By the inversion formula,

1 o ;
2.7 G(z,y) = —/ H(z)e ™7 dr, > 0.
(2.7) @y =77 | HE y
The function G is of class C* and satisfies (2.1).
Since |H(z)| < Cse™*l for every z € Q, [*_|H|?dr; is bounded indepen-

dent of 75 > 0 (the bound depends on y). Therefore [PW, p. 8] G(z,y) = 0 for
x < 0. Using the formula (27r)*%f1 x fo = flf%

1 xT
(2.8) o) = = /0 B(E)G(x — E,y)dE, y > 0.



The integral is from 0 to z since both 1 and G vanish for x < 0. The function
v is of class C'°, satisfies (2.1), and v(z,y) = 0 for < 0. It remains to verify
(2.2) and find a formula for the normal derivative v, (z,0%). Let

1
2.9 z) = —G(z,1).
(29) o) = —=Gla.1)

The substitution o = 7y in (2.7) shows that
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If we set go(z) = a~tg(a~'z), then

(2.8") v(x,y) = * ga, a=1y>.

The function g is bounded. Setting y =1 in (2.7) and integrating by parts,

G(x,y).

zg(zx) = —\/127/ H.e '™ dr.

[Unless otherwise indicated 7 is real.] Since H, = O(r~%) as 7 — 0 and H,
tends rapidly to 0 as |7| — oo, H, belongs to LP(—o0,00) for 1 < p < 3/2.
Therefore zg(x) is bounded and belongs to L1(—o0, ) for ¢ > 3 [Z, 12.41]. By
Holder’s inequality, g € L*(—o00,0), and from the inversion formula

Thus the functions g, form an approximate identity as a — 0.

Lemma. Let f be an integrable function with compact support and A an open
interval on which f is continuous. Then
f(z) = lim (f *ga)(z)
a—0t

for every x € A. The convergence is uniform on closed subintervals of A and
at 0o.

This result is well known. Applying the lemma with f = v, v(z,y) — ¥(zx)
uniformly as y — 0. (Actually, g > 0. Since v is 0 at infinity the maximum
principle for parabolic equations shows that v > 0 for any ¥ > 0, and this
implies g > 0.)

Applying this lemma with f = ¢/, v, (x,y) — ¢'(z) as y — 0T, uniformly on
any closed interval not containing 0 or 1. In view of (2.1), vy, — 0 uniformly on
such closed intervals, and hence v, (z,y) also tends uniformly on such intervals
to a limit v, (z,0%).

Let us now show that

(2.10) vy (2,07) = Cy ’ Y@ —&75dE, O<a<l.
0
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Now 4, = 9 H, from (2.4), and hence

ol

b, (7.y) = (;)_ W ir) A (2), y> 0.

From the expansion of H(z) about 0,

2

3
(2.11) lim oy (7,y) = (2> Coth(r)(iT)3

y—0+ 3

for every 7. But 23 H' (z) is bounded; and from the assumptions about %, ¥ is
bounded and ¢(7) = O(7~') as |7| = co. Hence I [8y]? dr is bounded and
the convergence in (2.11) is also in L%norm. By Parseval’s formula, vy (z,y)
tends to vy (z,07) in L?-norm as y — 0%,

Let 2§ = 2% if x > 0, and 2§ = 0if 2 < 0. For a < —1, 29 is to
be interpreted as a generalized function or Schwartz distribution. Its Fourier
transform is

2% = D(a)(—ir) "¢

In our case a = 1/3. Using a theorem about Fourier transforms of distributions
of class D7, [S, p. 57, 126], we obtain from (2.11)

vy (2, 01) = C59) % x;%

_a 1
But z, ® is the derivative of —3x, ®, and since the derivative can be applied to
either factor in a convolution,

_a _1
Yxaw P =3 xa ®.

If 0 < x < 1 the right side is given by the ordinary convolution integral and we
have the desired formula (2.10).

3

Let us next find a solution V' of (2.1) in the quarter-plane x > 0, y > 0 with
the boundary data

(3.1) V(0,y) =U(y), y>0,
V(z,0)=0, z>0.

The method is to construct a Green’s function F(x — &, y,n) for the operator
L(V) = —yV, +V,, and the upper half-plane. It must satisfy the equation
L(F) = §(x — &,y —n) in the variables (z,y) and the adjoint equation M (F) =
0(x—&,y—n)in (§,n) where 0 is Dirac’s delta function. Moreover, F(z,y,n) = 0
for x <0 and all y,7 > 0 and for y = 0,00 and all z,n > 0. From the formula

VM(F) — FL(V) = n(VF)e + VF,, — FV,,



and integration by parts, one gets formally

(3.2) V(z,y) = /00o nF(z,y,nU(n)dn, y=>0.

Let us proceed to find F' and conditions on U such that (3.2) in fact gives
a solution to (3.1). Since the method is well known certain details will be
merely indicated. The Fourier transform F (1,y,n) must satisfy the transformed
equation . R
Fyy +ityF = 6(y —n).

F must be continuous at y =mn and
Fy(Tv TI+777) - Fy(7—77’7777) =1
For each 7 the function H(z) is a solution of (2.3) vanishing at y = oo, and
‘l
K(z) =23J1(2)

is a solution vanishing at y = 0. Let us take

o
I

a(T)K(2)H((), if0<y<mn,

F=a(r)H(2)K(C), if0<n<y,

where ( = %(iﬂf’)%. By a short calculation, using the identity z(J% J =
3

JféJ’l) = —/3/, the two conditions at y = 1 give for a suitable constant ¢,
3

(3.2%) F:cl(ir)_%K(z)H(C), if0<y<m,

and F(T, 7,Y) = F(T, y,n). Equation (3.2") can be rewritten

9\ &
(3.27) F= (3) ayz

From (3.2”) and the asymptotic expansion (2.5),

wl=

JL(z)K(¢), 0<y<n.

1
3

|F| < eayexp(lz] = [¢]), 0<y <.

The inverse transform F' is of class C* in (z,y,n) so as long as y # n (also
for y =n, x > 0 from (3.3) below), and F' satisfies (2.1) in (z,y). It vanishes
for x < 0, and F(z,n,y) = F(z,y,n). Moreover, (¢F), = irF; from which
together with (3.2”) and the formulas
; 0z iz ; aC i ¢
T— == T2 ==
or 27 or 2
we get the estimate

—

(zF), <csyexp(|z] —[¢]), 0<y<n.



If |y — n| is bounded away from 0, then F and (zF), are bounded. Hence so is
zFy = (¢F), — F.
Let © be the fundamental solution of the heat equation:

1 2
Qz,y) = e 4w, x>0
(@y) = —7—
=0, xz <0,
whose Fourier transform (in ) is
N 1 oL
Q(T? y) = 1 61(17)2 |?!|
2i(ir)3
Let 5
Y=3 (n% —y%), (i1)?Y = - z.

A short calculation taking account of (2.5) and (2.6) shows that
R 11 a R
F(ry,n) =y 0 1Y) +¥(r,y,1)]

where ¥ and @I = iU, are integrable in 7, uniformly with respect to (y,m)
so long as y and n are bounded away from 0. Then

(3.3) F(z,y,n) =y 19~ 1 [Qa,Y) + U(z,y,7)],

where U and ¥, are bounded so long as y and 1 are bounded away from O.
Moreover given y, W and its partial derivatives are Olexp(—n?)] as n — oo,
uniformly with respect to x.

Now let U be a continuous function such that, for some ¢ > 0, U(n) =
Olexp(n3~¢)] as n — oo. In nU(n) is integrable on any finite interval [0, a], then
(3.2) defines for > 0, y > 0 a solution of (2.1). Using (3.3) standard reasoning
shows that if ng > 0

Ulmo) =, Jim  V(z.y).
It remains to examine the behavior of V and its derivatives as y — 07. If
U(n) = 0 in some neighborhood of 0, then V is of class C*° across the z-axis
and V(z,0) = 0. Therefore it suffices to consider the case when U(z) = 0 for
all = outside some finite interval [0, a].

Let us assume that U(n) = O(n?) as n — 07. The substitution o = 793
shows that

F(z,y,n) =n"2F(nz,n 'y, 1),

V(z,y) =/ F(n 3z,n™ 'y, L)n~'U(n) dn.
0

Outside the interval % < 1~y < 2 the integrand tends uniformly to 0 as y — 0F.
From (3.3)
2y
V(z,y)| < ca / Qn~32,m2Y)n? dy+ O(1),

Y
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and since Q(n3z,n"2Y) = n3Q(z,Y), dY = n2 dy,

Nlw

Vi)l <a@)? [ T 0@ v)ay +oq).

Since the last integral is 1, V(z,y) tends uniformly to 0 as y — 0*.
Since zF,(z,y,1) is bounded on any interval > ¢ > 0,

Vx:/ Fo(n 3z, 'y, 1)n~*U(n) dn
0

is continuous for = > 0, y > 0. Since V satisfies (2.1), V,, and V,,, are continuous
on the z-axis for x > 0, and

(3.4 V(.00 = [ By a0, 00 20 ) d,
0
From (3.27) F,(7,0,() is a constant times H(¢). Therefore

(3.5) Vi (2,0%) = c5 / g S U () dny

where g was defined in §2. Since the integrand is bounded and ¢g(0) = 0, by
Lebesgue’s convergence theorem Vy(z,0") tends to 0 as z — 0*. For z > 0 we
have

a
Vya (,07) =05/ g (n™3z)n " dn.
0

Making the substitution r = 7732 and using the estimate U(n) = O(n?)

oo
Vial0M)| < coad [ gl ar
0

Since
zg =i1Tg = TH,

from estimates in §2 ¢’ is integrable; and consequently, ¢’ 73 s integrable.
2 .
Therefore 23V, (z,0") is bounded.
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Let us return to the problem in §1. We seek a solution u of (1.1) in the open strip
which is continuous in the closed strip and satisfies the boundary data (1.2). Let
us assume that Uy, U; are continuous, and that the second derivatives U[(0),
U{(0) exist. Moreover, for some € > 0

Uo(y) = Olexp |y[>~] as y — —oo,
Ui(y) = Olexpy® ] as y — +oo.



Let ¢(z) be continuous on [0,1] with ¢(0) = Uy(0), ¢(1) = U1(0), and ¢
continuous on (0,1). Using §’s 2 and 3 let us find solutions u*, v~ of (1.1) in
the upper and lower halves of the strip, such that

u+(1,y) = Ul(y)v ui(()?y) = Uo(y),
ut(2,0) =u™ (z,0) = ¢(z).

The linear function wt(y) = U1(0) + U{(0)y satisfies (2.1). By §3 there is a
solution of (2.1) V*(z,y) with

VH0,y) = Ui(y) —wh(y), y>0
V+(z,0) =0, x> 0.

Let ¢ (z) = ¢(1 —x) — U1(0) for 0 < = < 1, and define ¥+ arbitrarily outside
[0,1] subject to the conditions in §2. Let v (z,y) be the solution of (2.1)
constructed there with ¥ = ¢, and

ut(z,y) =vT(1—z,y)+ V(1 —a,y) +wh(y),
0<z<1l,y>0.

In the same way we find v=, V—, w™, solutions of (2.1) in the quadrant z > 0,
y > 0, and set

u (z,y) =v (z,~y) + V (2, —y) + v (—y),

Let w = ut for y > 0 and u = u~ for y < 0. The function u is continuous in the
closed strip and satisfies (1.1) except at (0,0), (1,0). Note that for y = 0 each
term in (1.1) is 0.
It remains to choose ¢ so that u, (x,0%) = u, (z,07). Therefore we must
have
o (1= 2,0%) = —vy (@.0%) + ().

where
p(x) = =[V,F (1 = 2,07) + V7 (2,0%) + U1 (0) — Up(0)].

According to (2.10)

1—x
vf(1-2,0%) =y i Pt (1 —a— )75 de,

and since ' (€) = —¢/(1 — €),

1
(1 —2,0%) = —04/ ¢(6)(E — ) de.

Similarly N
oy (2,0%) = C4 / () -6 de.



Therefore, ¢ must satisfy the integral equation

wy [ d@E-atae= [ dee-ntaes o

O<z<l1.

Let us treat (4.2) as a particular case of the equation

ocl al ’ a—1
g | r@E-gtae= [ ree-nrac [T -ortac
O<a<l,

where o € (0,1). Let us assume that 2™ (1 — x)™p(x) is Holder continuous on
[0,1], where
a+1

5

Notice that except for a factor I'(a) ™! the first and last integrals are Riemann-
Liouville fractional integrals of order . Consider the equation with Cauchy
kernel

(4.4) F(x) - 7]?/0 Fg(é‘);lf = cP(x),

where P(z) = z“p(x) and the constants k,c will be chosen later. Let F be a
solution of (4.4) such that 27~%*(1 — x)YF(z) is Holder continuous on [0, 1] for
some v < 1. Let us show that f(z) =2~ “F(z) solves (4.3).
Multiplying by £~%(z — £)*~! and integrating,
" F(n)dn

xiC— a—1 _E wx_ a—1l¢g—a
| ot ae=2 [Camgemee [0

Near 0 the inner integral defines a function of the form a&®~7+b£*~*x(¢), where
A>T and x is Holder continuous [Mu, p. 75]. Let us write the inner integral
on the left as the sum of integrals from 0 to x and from z to 1, and interchange
the order of integration. The second of these iterated integrals is absolutely
convergent. The interchange of order [ ... d¢ [)...dp= [ ...dn [/ ...d
is easily justified if F' is Holder continuous on [0, z|, and then by a passage to
the limit argument for F' satisfying the present assumptions.
Making the substitutions

e Ca— € p(e) de.

po L1 1
14t 148’ 77714—7“’
T F~— _ a—1 [ee] _ a—1
/ &z =98 de — r+1 / (s —1t) ds.
0 n—¢& (t+1)1 ), s—r

If x <n <1 (ie. r <t), the substitution s — ¢t = (¢ — r)q shows that

[eS) —¢ a—1 00 ozfld
/ (S ) dSZ(t—’r‘)ail/ q q:(t—r)afl .7T
t s 0

—r qg+1 sinTa’

10



If 0 < n < z, the substitution s — ¢t = (r — t)q shows that

oo —_ )1 © pa—=14
/ uds = (rft)o‘fl/ <4 _ —(r —t)* 71 cot wa.
t r 0

5 — qg—1

The value —7 cot e for the last integral may be found by contour integration.
Bu

_ H\a—1
(T ‘Etli(q)af)l _ ($ _ n)a—ln—a7
and hence
T T _ \a—l¢—a T
| otman | e e~ —neotma | =+ s,

/aﬁ / f)j‘;ﬁ " de = Sinﬂm /:(nx)alf(n)dn,

k 1
a—1 _ _ a—1
(1t heotma) [ - (@ ds = o [ (e o) ae
‘ a—1
— dé€.
+o [@-grnle)ae
If we take .
P S p—_
1 —cosma
and ¢! = 1 — cosma, then f is a solution of (4.3). It is known [M, p. 130] that
__ ¢ ke L [T mP(f)df
F@) = 7 PO+ gy 0 -2) /

+b$m 1( 7‘r)7m
is a solution of (4.4), where b is an arbitrary constant. Since « —m =m — 1,

_ ¢ ke iy _gyem [ €M1 =O"p(E) dE
s 0= T+ - [

+bxT (1 —x)™™

is a solution of (4.3). The assumption made about F' above is satisfied for any
v >m.

P. M. Anselone pointed out that the solution f(z) = bx=™(1 — z)~™ of the
homogeneous form of (4.3) can be verified directly. Let A(x) denote the left side
of (4.3). When f(z) = f(1 —z) and p(z) = 0, (4.3) becomes A(z) = A(l — z).
Let us suppose that f has this special form. By writing A(z) as an integral in
s on (0,00) as before and making the substitution o = (s — t)/t,

A(z) =bB(m — a,a)z™ (1 — )",

which is symmetric in x and 1 — z.
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In the present problem a = 2/3, m = 5/6, f(z) = ¢'(z) and p(z) is
[C4T ()] 7! times the fractional derivative of order 2/3 of u(x). Then

ple) = [CiD(@)] " Ty (),

where I1_, is the integral of order 1 — «. From the estimate for Vi, (z, 07) at
the end of §3, 2 ,
W ()] < Cz73(1 — =) 5,

and from this it is not difficult to show that ™ (1—x)™p(x) is Holder continuous.
The constant b in (4.5) is determined from the condition

1
U1(0) — U (0) = /0 & () da.

In particular let Uy (y) = 1, Up(0) = 0. Then wu(z,y) represents the proba-
bility of reaching 1 before 0 starting at = with velocity y. In this case u(x) =0
and

() =ba t(1-2)"%, b '=B (Z 2) .

5

Let us now prove a uniqueness theorem. Let uq(x,y) and us(z,y) be two so-
lutions of (1.1) with the same boundary data (1.2), and let w = u; — us. Let
us assume that w is bounded and continuous in the closed strip and that w, is
square integrable over the strip. Then for any rectangle R: 0 <z <1, |y| < q,

1
0:// w(ywz—i—wyy)dxdy:—// wzdxdy—&—/ <2yw2dy—wwydac>7
R R OR

2
Yy

fBRn ww, dz tends to 0. Moreover fBRn, 1yw? dy < 0 since w(l,y) =0 fory >0
and w(0,y) = 0 for y < 0. From this

// widxdyzo,
R

and then w, = 0. Then —yw, = wy, = 0, and since every horizontal line has a
point where w = 0, w = 0.

and since w; is integrable there exist a,, n = 1,2,... tending to oo such that

6

Let us mention a more general problem in which the random process £ satisfies
(formally) the linear constant-coefficient stochastic differential equation

(6.1) +al+b{=p, a>0, b>0,
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where p(t) is a Brownian motion process normalized in the same way as §1.
In engineering language p(t) is a “white noise”. The steady state form of the
backward equation for the vector Markov process (£(t),&(t)) is now

(6.2) YUz + Uyy — (ay + bz)u, = 0.

We have considered the case a = b = 0. When a > 0, b = 0, (6.1) describes
the Ornstein-Uhlenbeck process, which is a more refined model for Brownian
motion. When a = 0, b > 0, (6.1) describes a randomly accelerated harmonic
oscillator. See the articles in [W] by Chandrasekhar, Uhlenbeck-Ornstein and
Wang-Uhlenbeck.

The equation —yv, + vy, = f(z,y) has under suitable assumptions on f, the
particular solution in the quarter-plane = > 0, y > 0

o) = [ [P gnmsem nds
o Jo
which is 0 when y = 0 or x = 0. Suppose that u satisfies (6.2) in the strip and
take f(z,y) = [ay + b(1 — x)]uy (1 — z,y). Then if ¢(z) = u(x,0),
u(l—2,y) = ¢(1 — ) * g + V7 (z,9) + 0 (y) + vy(2,).
Integrating by parts (formally) we obtain for 0 <z < 1, y > 0,
u(l—,y) = ¢(1 =) * go + V7 (2,y) + 0w (y)
/ / lan + b(1 — &) Fl,u(l — &,n)dndé

with a similar expression for u(z, —y). From these two integral equations for u,
together with the equation obtained by matching u,(x,0") and u,(x,07) one

should be able to get some information about solutions of (6.2) at least for small
values of a and b.
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